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Abstract—This paper is concerned with the power dispatch
problem of distributed generators (DGs) for optimal operation of
a microgrid. The objective is to minimize the fuel cost during the
grid-connected operation, while ensuring stable operation after is-
landing. To achieve this goal, the economic dispatch (ED) problem
and related constraints are formulated. The constraints considered
in this study are: i) reserve for variation in load demand, ii) reserve
for variation in the power outputs of non-dispatchable DGs, iii)
flow limits between two adjacent areas, and iv) reserve for the
stable islanded operation. The first three constraints, which have
been employed in ED problem for conventional power systems,
are modified to apply to Microgrids. We also provide a detailed
formulation of the constraint for stable islanded operation in
accordance with two power-sharing principles: i) fixed droop and
ii) adjustable droop. The problem is solved using a modified direct
search method, and the effect of the constraints on the operational
cost is investigated via numerical simulations.

Index Terms—Distributed generator, economic dispatch, is-
landed operation, microgrid, smart grid.

NOMENCLATURE

Dispatchable DG unit index.

Number of dispatchable units.

Power output of dispatchable unit .

Number of non-dispatchable units.

Non-dispatchable DG unit index.

Power output of non-dispatchable unit .

Cost function of unit .

Maximum generation limit of unit .

Minimum generation limit of unit .

Load index.

Number of loads.
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Power demand of load .

Power injected by the main grid.

Sum of power outputs of DGs in area .

Sum of load demands in area .

Power flow from area to area .

Flow limit from area to area .

Sum of the minimum limits of the units in area .

Sum of the maximum limits of the units in area .

I. INTRODUCTION

E LECTRIC power systems have been undergoing pro-
found changes in response to various needs, such as

environmental compliance, energy conservation, better grid
reliability, improved operational efficiency, and customer ser-
vice [1]. “Smart grid,” “intelligent grid,” and “next-generation
grid” are the names applied to the power grid of the future, in
which the electrical infrastructures and intelligent information
networks will be integrated in order to satisfy the aforemen-
tioned needs [1]–[4]. In the meantime, the increasing use of
distributed energy resources (DERs), including intermittent
renewable sources, will pose many challenges for the future
grid, especially with regard to the distribution system [1]. In
order to solve the interconnection problems of individual dis-
tributed generators (DGs), the concept of a microgrid has been
proposed [5]–[7]. A microgrid is a low- or medium-voltage
distribution network, comprising various DGs, storage devices,
and controllable loads, which can be operated in either the
grid-connected or islanded mode [5], [6]. To date, there have
been numerous research projects on the design, control, and
operation of microgrids throughout the world, such as the
CERTS microgrid in USA [6], [7], the MICROGRID project of
Europe [8], and the new energy integration test project carried
out by NEDO in Japan [9].
In [8] and [10]–[13], a central controller and an energy man-

agement system (EMS) were proposed as a means of deriving
the greatest benefit from the operation of a microgrid, and in-
creasing the efficiency of DG usage. The principal functions of
a microgrid EMS are to provide power and voltage set points
for each DG controller, to meet the heat and electrical loads, to
satisfy the operational contracts with the main system, to mini-
mize emissions and losses, and to provide logic and control for
fast and stable islanding during grid faults. To accomplish these
functions, a microgrid EMS uses a variety of information, such
as local electrical and heat demands, weather, the price of elec-
tric power, fuel cost, and power quality requirements [6], [11].
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Among the above functions, this paper focuses on the
problem of determining the power references of DGs for the
optimal operation of a microgrid. The optimization of a micro-
grid has important differences from the case of a large power
system and its conventional economic dispatch (ED) problem
[13]. One of the most important differences is the necessity for
stable mode transition from a grid-connected to the islanded
operation in case of grid faults. Therefore, we propose the
formulations of the ED problem for microgrids and its related
constraints, which yield the fuel cost minimization during the
grid-connected operation while ensuring stable operation after
islanding.
The remainder of this paper is divided into five sections.

Section II introduces several issues regarding the power control
of DGs in a microgrid. In Section III, the economic dispatch
problem and related constraints are formulated for a microgrid.
Section IV presents the formulation of the constraint for the
stable islanded operation in accordance with the power-sharing
principle between the DGs. Section V discusses the numerical
simulation results which are utilized to investigate the effect
of each constraint on the operational cost. Finally, Section VI
contains some concluding remarks.

II. TECHNICAL ISSUES RELATED TO MICROGRID ED

A. Active Power and Frequency Control in a Microgrid

Before developing the formulation of the ED problem for a
microgrid, we will briefly discuss some technical issues related
to the active power and frequency control of DGs: 1) the power-
control mode, 2) the power-sharing principle amongDGs during
microgrid islanding, and 3) the controllability of energy sources.
1) Power-Control Mode: The power output of a DG can be

controlled by one of two different modes: unit output power
control (UPC) or feeder flow control (FFC) [7]. A UPC-mode
DG generates constant active power according to the power ref-
erence, while the output of an FFC-mode DG is controlled so
that the active power flow in the feeder remains constant. In
this study, the power output reference for a UPC-mode DG and
the feeder flow reference for an FFC-mode DG are determined
by solving the ED problem regarding the optimal operation of
a microgrid.
2) Power-Sharing Principle During Microgrid Islanding:

When a microgrid is disconnected from the main grid, DGs
must take the place of the main grid in matching the power
demand. In many studies, power versus frequency
droop control has been adopted in order to ensure that the
power demand is dynamically balanced by the DGs [5]–[8].
Conventionally, the droop constant of a DG is considered to
be a fixed parameter, determined so that the load demand is
shared among DGs in proportion to their rated capacities. In
[14] and [15], a new power-sharing principle is proposed in
which the droop constants are periodically modified according
to the operating points of the DG units. With this method,
the DGs share power according to their operational reserves,
rather than their capacities. We refer to the former techniques
as fixed droop and the latter techniques as adjustable droop,
and formulate the constraint related to the islanded operation
of a microgrid in accordance with the power-sharing principle.
3) Controllability of Energy Sources: The emerging gener-

ation technologies suitable for microgrid application, together

TABLE I
CHARACTERISTICS OF TYPICAL DG ENERGY SOURCES

with their typical capacity ranges, are listed in Table I [16].
Since most DGs are interfaced with the grid through an in-
verter, they have various control capabilities, including power,
frequency, and voltage control. However, the power outputs of
DGs with renewable energy sources, such as photovoltaic cells
and wind turbines, are driven by weather, not by system loads
[7]. Therefore, these intermittent sources cannot be used as dis-
patchable sources. In the ED problem, these sources will be
treated as negative loads, and their power outputs will be as-
sumed to be predictable within some range of uncertainty.

B. Constraints Associated With Microgrid Operation

As Fig. 1 indicates, the microgrid configuration considered in
this study is a multiple-FFC configuration, which is most suit-
able for amicrogrid in which none of the DGs are dominant [17],
[18]. We assume that the variation of loads and the power out-
puts of non-dispatchable DGs in each control area are compen-
sated by the dispatchable DGs in the same area. To accomplish
this, the first DG in each area operates in the FFC mode, while
the others operate in the UPC mode, as shown in Fig. 1(b). With
this configuration, any variation within an area can be compen-
sated by the FFC-mode DG, and the flow between two adja-
cent areas remains unchanged over a predetermined time period
[17]–[20]. This property is advantageous to system operators,
since microgrids can be thought of as controllable subsystems.
The basic ED problem is extended to include the additional

constraints related to the operation of a microgrid. The con-
straints considered in this study are as follows:
i) Reserve for variation in load demand
ii) Reserve for variation in the power outputs of non-dis-
patchable DGs

iii) Flow limits between two adjacent areas
iv) Reserve for the stable islanded operation.
Since the first three constraints have already been adopted as

part of the ED problem for conventional power systems, they
are simply modified for application to a microgrid. The unique
constraint, concerning the reserve for the stable islanded opera-
tion, will be discussed in detail in Section IV.

III. ED PROBLEM FORMULATION FOR A MICROGRID

A. Formulation of the Basic ED Problem

In a power system, the primary objective of the ED is to min-
imize the total generation cost , while satisfying the power
balance and generation limits of the units [21], [22]. This can be
formulated as follows:

(1)
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Fig. 1. Microgrid configuration. (a) Configuration of a microgrid with multiple control areas. (b) Configuration of a control area.

(2)

(3)

B. Modification of the Constraint Formulations
1) Power Balance Constraints: The power balance condition

is modified as (4), taking into account the power outputs of the
non-dispatchable sources and the power injected by the main
grid. The load demand and the power outputs of intermittent
sources are assumed to be predicted for every time interval.

(4)

2) Spinning Reserve Requirement Constraints: Normally
there are uncertainties involved in predicting load demand
and wind velocity and/or irradiance. Moreover, load demand
and the power outputs of intermittent sources usually vary
continuously. In order to compensate for these variations, and
to operate the system stably, additional reserve is necessary.
For a microgrid with the proposed configuration, in which all
the variations are picked up by the FFC-mode DG in each area,
the constraint can be formulated as (5) and (6). The spinning
reserve requirement is reflected as a decrease in the maximum
limit and an increase in the minimum limit of
the first DG within each area. In this study, it is assumed that
the load demand varies within of the predicted value, and
the power outputs of the non-dispatchable sources vary within

of the predicted value.

(5)

(6)

3) Inter-Area Flow Limit Constraints: As Fig. 1(a) indicates,
the power flow between two adjacent areas is restricted by the
physical limits . This constraint can be formulated as
(7)–(10), assuming that the number of areas in a feeder is .

Note that the power flow from/to the main grid is re-
flected by a decrease/increase in the load on the area nearest the
main grid (i.e., area 1), according to (7).

(7)

(8)

(9)

(10)

IV. FORMULATION OF THE CONSTRAINT FOR THE STABLE
ISLANDED OPERATION

When amicrogrid is islanded, the DGs will adjust their power
outputs according to the power-frequency droop characteristics,
in order to compensate for the loss of the main grid. Since the
system topology is radial, a power output change from any DG
will affect the power flow in the upstream lines. For example,
if power is imported from the main grid during the grid-con-
nected operation, the DGs will increase their power outputs, and
thus the upward flow in each line will be increased. Accord-
ingly, if the power flow between two areas has remained near
its maximum limit during the grid-connected operation, power
cannot be transmitted during the transition, and this can make
the system unstable.
In [8] and [23], load shedding algorithms have been proposed

for stable operation in case of such contingencies. However, in
this paper, we assume that the DGs are capable of supplying all
loads without curtailment during the islanded operation. For this
reason, the DGs should have at least as much reserve as
during the grid-connected operation. Furthermore, the inter-area
flow limit should also be refined when determining the power
output reference of the DGs. The more the flow limits are re-
stricted, the more stable the system will be when islanded. How-
ever, such restriction will increase the operational cost during
the grid-connected operation. Therefore, we propose a method
for determining the optimal values of flow limits that satisfy the
above two objectives (i.e., cost minimization during the grid-
connected operation and the stable islanded operation). This
section presents the formulation of this constraint in accordance
with each of the two different power-sharing principles (fixed
droop and adjustable droop).



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

4 IEEE TRANSACTIONS ON SMART GRID

A. Constraint Formulation With Fixed Droop

With this power-sharing principle, each DG will change its
power output in proportion to the inverse of the predetermined
droop constant . Since the sum of the power output changes
should be equal to the magnitude of , the power picked
up by a unit during islanding can be calculated from
(11).

(11)

Similarly, the amount of power shared by area can
be calculated as the sum of the contributions for all the units in
area , as follows.

(12)

The constraints can be formulated differently, depending on
whether the power is initially imported from or exported to the
main grid.
1) Power Initially Exported: When the microgrid supplies

power to the main grid during the grid-connected operation (i.e.,
), the DGs will decrease their power outputs during

the transition. Accordingly, all DGs should have additional
down spinning reserve, and this is reflected by an increase in
the minimum limit of the unit, as follows.

(13)

Since the DGs decrease their power outputs, the downward
flow between areas will increase during the transition. There-
fore, for the stable islanded operation without violating the
physical inter-area flow limits, the downward flow should be
maintained at an appropriate level below the limit during the
grid-connected operation. The amount of additional flow from
area to area is the sum of the power shared by the
DGs in area and the areas downstream from it. Accordingly,
the downward flow limit should be decreased by the amount
of additional flow, whereas the upward flow limit remains
unchanged.

(14)
2) Power Initially Imported: If power is imported from the

main grid during the grid-connected operation (i.e., ),
the DGs will increase their power outputs when the microgrid
is disconnected from the main grid. Contrary to the former case,
all DGs should have additional up spinning reserve, and the up-
ward flowwill be increased in the inter-area lines. Therefore, the
maximum limits of the DGs and the upward flow limit should
be decreased in accordance with (15) and (16), respectively.

(15)

(16)

B. Constraint Formulation With Adjustable Droop

When fixed droop is adopted, the contribution of each DG
to the reserve is determined before solving the ED problem,
and thus the output limit of a unit is modified according to (13)
or (15). However, when adjustable droop is applied, the power
output reference for each DG is determined optimally, and the
contribution to the reserve is then determined according to its
operational margin [14], [15]. Hence, the output limits of the
DGs do not need to be modified. The inter-area flow limits, on
the other hand, should be refined as in the case of fixed droop.
1) Power Initially Exported: As was noted in the fixed droop

case, the DGs will decrease their power outputs in order to com-
pensate for the loss of the main grid. If we assume that the
output of unit is , the operational margin of this unit is

. Therefore, the power shared by unit during the
transition can be calculated as follows.

(17)

As in the fixed droop case, the amount of power shared by area
can be calculated as the sum of the contributions

regarding all units in area .

(18)

The downward flow limits should be decreased in a manner sim-
ilar to (14). However, in this case, since the power shared by
each unit is unknown until the ED problem is solved, the de-
creased value for the downward flow limits cannot be calculated
directly as in the case of the fixed droop.
The downward power flow from area to area during

the grid-connected operation is the sum of the differences be-
tween the load demands and power outputs of area and the
areas downstream from it.

(19)

The additional flow in the line between area and area
during the transition can be calculated as follows.

(20)
Using the power balance equation given in (4), the denominator
of the right-hand side of (20) can be rewritten as in (21). For
the sake of simplicity, it is assumed that the power outputs of
the non-dispatchable DGs are included in the load as negative
values.

(21)
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By substituting (19) and (20) into the right-hand side of (14),
we can obtain (22).

(22)

Since all the variables, except the power outputs of the DGs,
are known, (22) can be rewritten in the form of the equation at
the bottom of the page. Combining (19) and (23), the modified
downward flow limit can be determined from (24).

(24)

2) Power Initially Imported: In this case, the DGs will in-
crease their power outputs in order to compensate for the loss
of the main grid, and thus the upward flow limit should be
modified. Since the operational margin of unit in this case is

, the amount of power shared by area can
be calculated as follows.

(25)

Since the power balance equation for this case is as in (26), the
left-hand side of (16) can be written as (27), using a procedure
similar to that used in the previous case.

(26)

(27)

Finally, the upward flow limit can be calculated as follows.

(28)

Note that all the variables in (24) and (28) can be calculated
from system data, and hence the optimal values of inter-area
flow limits can be determined before solving the ED problem.

V. NUMERICAL SIMULATIONS AND RESULTS

A. Test System Description and Solution Method

We developed system data to test the ED problem for mi-
crogrids, since a suitable benchmark system seems to be cur-
rently unavailable. In [24], a mathematical formulation for the
fuel cost function of a PEM fuel cell is introduced, in which the
cost is a function of the generated power , efficiency ,
and fuel price , as given in (29). The efficiency curve of a
fuel cell is determined in [25] as a function of the part-load ratio
(PLR, ratio of generated power to maximum power capacity),
and the curve is approximated by a fifth-order polynomial, as
in (30). For other DG sources, such as microturbines and gas
turbines, the efficiency is also reduced at part-load conditions,
in comparison to the full-load condition [16]. As with fuel cells,
the PLR-efficiency curves of these sources can be approximated
by equations of the form given in (30).

(29)

(30)

Firstly, mathematical expressions for the efficiency curves
of the DGs with varying source types and/or part-load perfor-
mances are obtained. The results are listed in Table IV of the
Appendix. The fuel cost curve for each DG is then plotted in
terms of the generated power, using (29). In this study, the fuel
price is assumed to be $0.05/kWh for all DGs, which is
equivalent to $15/MBTU for natural gas [26]. Finally, a cost
function, which approximates the curve, is derived for each DG,
in the form given by (31). We employ the second-order polyno-
mial as approximating functions, even though they are not com-
pletely matched to the curves, since the objective of this paper is
to analyze the effects of various constraints on fuel cost, rather
than to develop a solution technique for ED problems with com-
plicated cost functions.

(31)

(23)
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TABLE II
COST DATA FOR A 15 UNIT TEST SYSTEM

TABLE III
DAILY LOAD PATTERN OF THE TEST SYSTEM

A test system comprising three control areas is utilized for
the analysis. We assume that five DGs are installed in each area;
the cost data of the DGs and the daily load demands are summa-
rized in Tables II and III, respectively. We also assume that the
load demands in Table III include the effects of non-dispatch-
able DGs, for simplicity. Since the effect of each constraint on
the cost varies according to the load distribution, we tested two
cases in regards to each condition.
Case 1)

Case 2)

Various mathematical approaches and optimization tech-
niques have been developed for solving ED problems. Chen
proposed a direct search method (DSM) for and ED problem
with transmission constraints [27], and applied it to ED prob-
lems with various types of constraints, such as wind-thermal
coordination dispatch and generation-reserve dispatch [28],
[29]. In this study, the DSM is applied (with some modifica-
tions) in order to solve the ED problem for microgrids, since
it offers these definite advantages: i) the algorithm is straight-
forward and easy to implement, and ii) various inequality and
equality constraints can be included. A multi-level conver-
gence strategy, proposed in [27], is also used to improve the
performance of the DSM.

B. Test 1: Inter-Area Flow Limit and Load Variation

The first simulation was designed to investigate the effect of
the inter-area flow limit and the load variation on generation
cost. To accomplish this, the total fuel cost was calculated under
various conditions of load distribution, reserve requirement, and
inter-area flow limit. The amount of power injected by the main

Fig. 2. Effects of inter-area flow limit and load variation reserve. (a) Results
for Case 1. (b) Results for Case 2.

grid, , was assumed to be 0 in this test. The daily fuel
costs in terms of the different conditions for the two cases are
summarized in Fig. 2.
The effects of both factors on cost can be summarized as fol-

lows. Generation cost increased as the inter-area flow limit be-
came smaller, and this occurred because units with higher in-
cremental cost should increase their outputs as the flow limit
decreases. In the test system, the DGs in area 2 had relatively
lower incremental cost, but the load level of this area in Case
1 was only 25% of the total demand. Therefore, in order to re-
duce the total generation cost, the DGs in area 2 should produce
more power than the local load demand, and transfer the surplus
power to other areas. For example, at a system load of 1500 kW,
approximately 22 kW and 118 kW of power were transferred
from area 2 to areas 1 and 3, respectively, when the inter-area
flow was not limited. However, as the inter-area flow limit de-
creases, the power transferred from area 2 is restricted, and the
units in areas 1 and 3 with higher incremental cost should in-
crease their outputs, which also increases the total generation
cost.
We can also see that the cost showed a tendency to increase

with the reserve requirement regarding load variation. The
power output for the FFC-DGs in each area should be restricted
in order to compensate for load variation, in accordance with
(5) and (6). Since the incremental costs of the FFC DGs were
relatively lower, an increase in the reserve requirement resulted
in higher generation cost. Another observation from Fig. 2 is
that the effect of the inter-area flow limit was dominant in Case
1, while the effect of load variation reserve was critical in Case
2.

C. Test 2: Reserve for the Stable Islanded Operation

The effect of the reserve for the stable islanded operation was
investigated by simulation under various load levels and .
We tested the following three conditions with differing load dis-
tributions and/or values, and was varied from
100 to 100 kW in 10 kW steps for each condition.
Condition 1) Load distribution of Case 1 and

Condition 2) Load distribution of Case 2 and

Condition 3) Load distribution of Case 1 and
.
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Fig. 3. Sampled result for Condition 1 at . (a) 100
kW is exported. (b) 100 kW is imported.

Fig. 4. Additional cost due to the reserve for the stable islanded operation. (a)
Results for condition 1. (b) Results for condition 2. (c) Results for condition 3.

Figs. 3(a) and (b) show sampled results for Condition 1 at
a 1,500-kW load demand, with and 100, re-
spectively. We can see that 40 kW of power would have been
transferred from area 2 to areas 1 and 3, respectively, in both
cases (as indicated by the dashed arrows) if the constraint had
not been taken into account. The solutions were altered as fol-
lows, considering the reserve for the stable islanded operation.
For exported power, the downward flow from area 2 to area 3
was limited to 0.79 kW, where the minus sign signifies that the
power was to be transferred from area 3 to area 2. In this case, we
can set the flow references of the FFC-DGs in each area at 100,
40, and 0.79, respectively. On the other hand, for imported

power, the upward flow from area 2 to area 1 was restricted to
23.70 kW (i.e., actual power transfer from area 1 to area 2), as

shown in Fig. 3(b). In both cases, the modified flow limit may
increase the operational cost, since the lower-cost DGs in area
2 should decrease their power outputs.
In Fig. 4, the additional cost due to this limit is plotted in

terms of for the three conditions. Generally speaking, the
additional cost increases as the magnitude of increases,
and the following detailed observations can be made. Firstly,

the effect of this constraint was more overriding for the load
distribution of Case 1 [compare Figs. 4(a) and (b)], and this
is because the change in is not an important factor in
the load distribution of Case 2, as discussed in Section V-B.
Secondly, if the load distributions were identical, the effect of
the constraint would be reduced as increases [compare
Figs. 4(a) and (c)]. Finally, in all cases, the additional cost was
less than 0.7% of the total fuel cost, and in some instances, such
as power imported in Condition 2 with adjustable droop [de-
noted by the circle-dotted line of Fig. 4(b)], there was no addi-
tional cost increase because of this constraint.

VI. CONCLUSION

The economic dispatch problem was formulated in accor-
dance with various constraints related to the operation of a mi-
crogrid. Some constraints were formulated by modifying ex-
isting constraints to fit the configuration of a microgrid. We pro-
posed an additional constraint to ensure the stable islanded op-
eration of a microgrid, and provided a detailed formulation ac-
cording to the power-sharing principle regarding the DGs. A test
system with 15 DG units was developed for numerical simula-
tions, taking into account the source type and part-load perfor-
mance of each DG. We then investigated the effect of various
parameters (including reserve requirement for the load varia-
tion, flow limit, load distribution pattern, and the power injected
by the main grid) on the cost. Although the cost increased by up
to 0.7%, a microgrid could be operated economically during the
grid-connected mode, and soundly during the islanded mode,
using the modified dispatch solution, which takes into account
the additional constraint.

APPENDIX

The efficiency coefficients of the DGs used in the simulation,
in the form given by (30), are listed in Table IV

TABLE IV
APPROXIMATED PART-LOAD EFFICIENCY DATA FOR THE DGS
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