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Abstract

In this paper, a novel metaheuristic algorithm called Chaos Game Optimization (CGO) is
developed for solving optimization problems. The main concept of the CGO algorithm is
based on some principles of chaos theory in which the configuration of fractals by chaos
game concept and the fractals self-similarity issues are in perspective. A total number of
239 mathematical functions which are categorized into four different groups are collected
to evaluate the overall performance of the presented novel algorithm. In order to evaluate
the results of the CGO algorithm, three comparative analysis with different characteristics
are conducted. In the first step, six different metaheuristic algorithms are selected from the
literature while the minimum, mean and standard deviation values alongside the number
of function evaluations for the CGO and these algorithms are calculated and compared. A
complete statistical analysis is also conducted in order to provide a valid judgment about
the performance of the CGO algorithm. In the second one, the results of the CGO algo-
rithm are compared to some of the recently developed fractal- and chaos-based algorithms.
Finally, the performance of the CGO algorithm is compared to some state-of-the-art algo-
rithms in dealing with the state-of-the-art mathematical functions and one of the recent
competitions on single objective real-parameter numerical optimization named “CEC
20177 is considered as numerical examples for this purpose. In addition, a computational
cost analysis is also conducted for the presented algorithm. The obtained results proved
that the CGO is superior compared to the other metaheuristics in most of the cases.

Keywords Metaheuristic - Statistical analysis - Chaos Game Optimization

1 Introduction

Most of the design problems in the nature can be considered as optimization problems
which request some proper optimization techniques and algorithms to be dealt with. In
these days, the design problems have become extremely complex in which the classical
optimization algorithms based on the mathematical principles are incapable of providing
some satisfactory results in a reasonable period of time. The gradient-based algorithms
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which utilize the gradient of the objective function for configuration of the optimization
problem is one of these mathematical algorithms. Over the past few decades, dealing with
the deficiencies of classical optimization algorithms and introducing new efficient optimi-
zation algorithms have been of great concern. Based on the recent advances of the tech-
nology, there is an increasing interest in introducing new optimization algorithms which
prepare a high efficiency, great accuracy and increased speed rate in dealing with difficult
optimization problems. Besides, some other concerns in dealing with other specific issues
such as the local optima problems alongside the non-smoothness and non-convexity of the
search spaces have been of great concerns in this regard.

These concerns about the optimization algorithms have led the researchers and experts
to present new algorithms for solving different optimization problems called “Metaheuris-
tic”. Glover (1986) firstly proposed this term in 1986 which is comprised of one main word
(Heuristics) and a suffix (Meta) which have origins from the Greek words. The term “heu-
ristic” comes from the “heuriskein” which is an old Greek word with a meaning of dis-
covering new rules (strategies) in dealing with different problems while the term “meta”
denotes on some upper level methodologies in nature. The metaheuristics are some special
kinds of solution techniques which use some higher-level strategies to perform a searching
process considering some special capabilities (such as avoiding local optimum results) for
finding appropriate solutions.

As presented by Sorensen et al. (2018), the history of utilizing metaheuristics as the
solution algorithms for dealing with real world problems can be categorized into five dis-
tinct periods. In the first period which is named as the “pre-theoretical” period (until 1940),
there was not any formal presentation of heuristics and metaheuristics algorithms. Despite
that, these algorithms had been used for solving some simple optimization problems in
this period. In the second period or “early” period, from 1940 to 1980, some studies had
been conducted on heuristics which was the first formal introduction in this field. In the
third period, so-called “method-centric” period (1980-2000), different metaheuristics had
been proposed and developed for specific applications which extended the field of heuris-
tics and metaheuristics. Started from 2000 as the “framework-centric” period, developing
and applying metaheuristics as an important frameworks of many algorithms has been con-
sidered widely. In the fifth or last period, the “scientific” or “future” period, the design and
introduction of different new metaheuristics will turn into a matter of science rather than
art. A brief summary of these historical periods is presented in Table 1.

On the other hand, four classifications can be made in terms of these algorithms inspira-
tion as “evolutionary algorithms”, “swarm intelligence-based algorithms”, “physical laws-
based approaches” and “humans and animals life style-based techniques”. A brief sum-
mary of these metaheuristic algorithms is presented in Table 2 while some other challenges
in developing, upgrading or hybridizing these algorithms have also been achieved (Talata-
hari and Azizi 2020; Azizi et al. 2019a, b, 2020; Talatahari et al. 2019).

In this paper, a novel metaheuristic so-called Chaos Game Optimization (CGO) is pro-
posed. The main concept of the CGO algorithm is based on some principles of chaos the-
ory in which the configuration of fractals by chaos game methodology alongside the frac-
tals self-similarity issues are in perspective. The fractals have been utilized as the main or
sub concept of different metaheuristic algorithms such as Stochastic Fractal Search (SES)
algorithm proposed by Salimi (2015), Fractal-Based Algorithm (FBA) developed by Kaedi
(2017), Fractal Decomposition-Based Algorithm (FDA) presented by Nakib et al. (2017),
and Fractal Triangle Search (FTS) algorithm proposed by Rodrigues et al. (2018). In addi-
tion, some other improved versions of metaheuristic algorithms have been proposed in
which the chaos theory is embedded in the general formulation of these algorithms with

@ Springer



Chaos Game Optimization: a novel metaheuristic algorithm

11 Uey[) JOUJRI 9OUAIOS JO J9)JBW B OJUI UIN] [[IM SONSLINOUERIOW MAU JUIIIYIP JO UOIIONPONUI pue USIsap YL, amng aImnJ Io dYnuaIdg S
pajuasaxd A[ny

-$$900NS UJ2q peY SWYILIOS[. ) OPISTUO[E SYIOMIWEIY Y} SB SONsLINAYeIdW Surzinn jo A3ojopoyiow ay ], mou [nun ()00g JLIUII-YIOMIWEL] ¥

suoneordde ogroads 1oy padojoasp pue pasodoid useq pey sonsunayelow idnny 0002—0861 JLUD-POYISIA €

PISSNOSIP pue paonponul AJ[eULIO) SeM SONSLINOH 0861-0¥61 Ajreq z

suoneordde pajrwuty YIm uonejussaid [ewIo oN 0r61 MU [eon1e100y)-01q 1

UI90U0d Jofe]Al uoneIn( QweN "'ON

uonNN[OA? SONSLINAYEIAW Jo sporrad [eoLI0IsIYy Jo ATewwuns JoLiq Y], | djqeL

pringer

As



S.Talatahari, M. Azizi

(810T ‘Te 10 JeAIp[e7)

(L107) T2 10 iRl

(T107) 1AR]Y puE Iwopuen
(e0107) Suex

(9002) ‘Te 10 YD)

(9007) ymseq

(9661) "Te 32 0310

(S661) Apauuay] pue 1reyIaqy
(£007) ‘T 10 uasuey

(VOSA) WyILIOS[Y YsYIeoD A[ppes MO[[ox

(VSS) wipriode waems ders

wyiose (H3) pIoH [

(VD) wprioS[e Agorg

(VSD) uoneziundo wrems je)

(D9V) Au0[09 29q [erYNIY

(0DV) uoneziundo Kuojod juy

(0Sd) uoneziundo wrems [onIed

(SA-VIND) A391e1s uonnjoad uoneidepe X1new 90URLIBAOD

QOUSTI[[AIUT WLIBMS

(8007) uowIs (0g9g) 1ezrumndo paseq-Aydeidoadorg
(2007) 1o§omUdg pue 10kog (SH) sa1391ens UONN[OAT
(L66T) d911J pue UI0lI§ (4Q) uonnjoAd [enuAIYPI
(T661) ezo3] (d0) Sunuwresgoxd onousn
(2661) pueioH (VD) WyiLIoS[e d19UdD)

(6861) 01BISON (VIA) WyiLio3[e onoway uonn[oAg mo

SIoUaIR)I UTEIA wyILIo3[e JNSLINAYRIIA uonedIYISSE[D) nm..

swyyLIoS[e ONSLINAYEIOW Y3 Jo Arewrwns Joriq oyJ, g 3|qel 4l



Chaos Game Optimization: a novel metaheuristic algorithm

(9107) T8 19 1Rl

(¥107) 1ABPURIA| PU® YaAey]
(€107) nojwrerey

(2107) pezerekeyy] pue yaaey
(2107) ‘Te 10 weppeySo
(1102) serery

(1107) 1u19SSOH-YeYS

(0107) 1eyEIR[R], PUR YaARY
(6007) ‘T8 12 1paysey

(8007) I-YopezIeqy pue N-IUeIRAR],
(L00T) orewwiog

(9007) Te 10 ng

(9007) utsyg pue jorg

(1002) T8 10 WD

(£861) T8 10 yornedyIy

(OAIN) WUILIOS[E d810A DINIA

(09D) uoneziundo sarpoq JuIprjo)
wyyo3[e (Hd) S0y Yoelq

(vO¥) wypioge uoneziwndo Aey

(0SD) uonezrundo aoeds paaIn)

(VOJDOV) wyptiod[e uonezrundo uorjoeal [eoruayod [eoynIy
(VSgD) wyjriod[e yoress paseq-Lxe[en)
(SSD) yoIeas walsAs pagrey)

(VSD) wyiLiod[e ydoIeas [RUOIIBIIARID)
(VOIN) wyinios[e uoneziundo onousey
(04D) uoneziwundo 2010} [eNU)

(VvOMS) wiprosie uoneziundo piom-[fews
(Oggg) younr)-srg Sueg-Sig

(SH) yoreas ANOWIVH
(VS) Surpesuue pajenurg

sme[ [eo1sAyg

SQJOURIJI UTRJA

wLIoS[e ONSLNAYEBISA]

uonedyIsse[)

(ponunuod) zsjqer

pringer

As



S.Talatahari, M. Azizi

(9107) S1MaT pue IIelIy
(9100) el

(S100) el

($107) 0Soke1q pue Suay)
(¥102) T8 10 Ry
(1102) e 30 ovyg

(VOM) wyytiog[e uoneziundo afeym
(VDS) wyiLo3[e auIsod aurg

(OAW) uonezrundo durey-yON
(SOS) yoreas swsIue3IO ONOIqUIAS

(OMD) 1ziundo jjom A1)
(0971L) uoneziundo paseq-Surures—3uryoe],

(6002) 92 pue Suex (VSD) WwyiLIoS[e Yoreas ooxon))

(L00T) seonT pue Lresen-zedysery (vD1) wyitode sannadwod onsiferaduy
(S002) 'Te 30 weyd (V) wpriose ssog o118 1T g
SIOURIRJAT UTRJA wyLIo3[e dNSLINAYRIIA uoneOYISSe[) nwmﬂ

(ponunuoo) zajqer &l



Chaos Game Optimization: a novel metaheuristic algorithm

different purposes. Some of these approaches are Chaos-embedded Particle Swarm Opti-
mization (C-PSO) (Alatas et al. 2009), Chaotic Krill Herd (C-KH) (Wang et al. 2014),
Firefly Algorithm (FA) with chaos (Gandomi et al. 2013a), Chaotic Whale Optimization
Algorithm (C-WOA) (Kaur and Arora 2018), Chaotic Harmony Search (C-HS) (Alatas
2010), Chaotic Grey Wolf Optimizer (C-GWO) (Yu et al. 2016), Chaotic Slap Swarm
Algorithm (C-SSA) (Sayed et al. 2018), Imperialistic Competitive Algorithm (ICA) com-
bined with chaos (Talatahari et al. 2012), Chaos-based Differential Evolution (C-DE)
(Liang et al. 2006), Chaotic enhanced Colliding Bodies Optimization (C-CBO) (Kaveh
et al. 2018), Chaotic Teaching—Learning-Based Optimization (C-TLBO) (He et al. 2016),
Cuckoo Search Algorithm (CSA) with chaotic maps (Wang and Zhong 2015), Chaos-inte-
grated Symbiotic Organisms Search (C-SOS) (Saha and Mukherjee 2018), Chaotic-based
Big-Bang Big-Crunch (C-BB-BC) (Jordehi 2014), Chaos-enhanced Accelerated PSO
(CA-PSO) (Gandomi et al. 2013b), Charged System Search (CSS) with chaos (Talatahari
et al. 2011), and Chaotic Swarming of Particles (CSP) (Kaveh et al. 2014). Based on the
provided literature review, it should be noted that the methodology of the CGO algorithm
is completely different from the previous works. In the CGO algorithm, the chaos game
theory is utilized as the main concept of the algorithm and the general formulation of the
algorithm is based on the game theory.

In order to evaluate the performance of the CGO algorithm, a total number of 239 math-
ematical functions which are categorized into four different groups are collected. These
mathematical functions have different characteristics and have been categorized based on
the dimensions of the variables. The first group is consisting of 117 functions which have
2-10 dimensions, each of the second and third groups include 58 functions which have 50
and 100 dimensions, respectively and the fourth group is consisting of 6 composite and
hybrid functions. In order demonstrate the capability of the novel CGO algorithm in deal-
ing with different optimization problems, three comparative analysis with different char-
acteristics are conducted. In the first approach, six different metaheuristic algorithms are
selected from the literature while the minimum, mean and standard deviation values along-
side the number of function evaluations for the CGO and these algorithms for a tolerance
of 1x107!2 are calculated and compared. A complete statistical analysis is also conducted
by utilization of the Kolmogorov—Smirnov (K-S) test, Mann—Whitney U (M-W) test, Wil-
coxon signed-rank (W) test, Kruskal-Wallis (K—W) test and the post-hoc (P-H) analysis in
order to provide a valid judgment on the performance of the novel CGO algorithm. As the
second comparative step, the results of the CGO algorithm are compared to the algorithms
which has been developed based on the fractals concept, containing three metaheuristics
which use the chaos theory in their main framework and two other metaheuristics which
have been recognized as the most competitive approaches in recent years. In the third step,
the performance of the CGO algorithm is compared to some state-of-the-art algorithms
in dealing with difficult mathematical functions of “CEC 2017 competition (Awad et al.
2016). In addition, a computational cost and complexity analysis is also conducted for the
CGO algorithm by utilization of the “Big O notation”. A brief summary of this paper is as
follows:

In Sect. 2, the inspiration of the proposed CGO algorithm alongside the mathematical
model of the optimization algorithm based on the new algorithm are presented. In Sect. 3,
some mathematical functions with different characteristics are presented for further utiliza-
tion for testing the presented metaheuristic algorithm as well as some other approaches.
In Sect. 4, a brief explanation of the selected metaheuristic algorithms are presented. The
results are presented in Sect. 5 while a comprehensive statistical analysis is conducted in
Sect. 6. Section 7 compares the results of the CGO algorithm with fractal- and chaos-based
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approaches. In Sect. 8, the results of the CGO algorithm for the CEC 2017 competition
problems are presented. In Sect. 9, the results of the computational cost and complexity
analysis for the CGO algorithm are presented and finally, the main findings of this paper
including the conclusion alongside the suggestions for the future challenges are presented
accordingly in Sect. 10.

2 Chaos Game Optimization (CGO)

In this section, the inspiration of the novel metaheuristic algorithm (CGO) and its math-
ematical model are presented.

2.1 Inspiration

Chaos theory is a branch of mathematics concentrating on the specific characteristics of
dynamical systems which are extremely sensitive to initial conditions. Considering the ran-
domness of these dynamical systems, chaos theory denotes on the existence of some pri-
mary patterns such as similar loops, repeated templates, fractals and multiple sub-systems
in the behavior of these systems which represent them as self-similar and self-organized
dynamical systems. The chaos theory demonstrates that some small changes in the initial
conditions of a dynamical system will result in some extreme differences in the upcoming
conditions of these systems due to the dependence of them to the initial conditions. Based
on this theory, the present state of a system could determine the later state of this system
while the approximate present state of a system does not approximately determine the later
state of this system.

Most of the chaotic processes have graphical shapes of fractals. In mathematics, a frac-
tal is a subset of Euclidian space in which a specific geometric pattern is repeated in mul-
tiple scales. Fractals have approximately similar shapes in different scales which represent
them as self-similar systems. One of the famous fractals is the Mandelbrot set which repre-
sent an elaborate infinitive boundary in which multiple recursive details are progressively
demonstrated in different scales. In Fig. 1, the self-similarity of Mandelbrot set is presented
in different scales.

In mathematics, the chaos game is the methodology of creating fractals utilizing an ini-
tial polygon shape and a randomly selected initial point. The main purpose is to create a
sequence of points in an iterative manner in order to achieve a sketch which has similar
shape in different scales. In this regard, the vertices of a polygon which is considered as
the main shape of the fractal should be firstly positioned properly. Then, an initial random
point is selected as the starting point for creating fractal. Based on this initial point, the
next point in the sequence is determined as a fraction of the distance between the initial
point and one of the vertices of the polygon which is selected randomly in each iteration.
By repeating this process continuously with consideration of the random initial point and
the random vertex selection in each iteration, a fractal is created. By utilizing three vertices
with the factor of 1/2, a Sierpinski triangle is created. As the number of initial vertices for
the fractal is increased to N, a Sierpinski Simplex with N — 1 dimensions can be created.

As a simple example, the step by step creation of a Sierpinski triangle by the meth-
odology of chaos game is presented. At first, three vertices are selected in order to cre-
ate the main shape of the fractal which results in a triangle shape in this case. Each of
the selected vertices is marked by one of the red, blue and green colors. A dice is taken

@ Springer



Chaos Game Optimization: a novel metaheuristic algorithm

Fig.1 Self-similarity of Mandelbrot set in different scales

which has two red faces, two blue faces and two green faces. An initial random point is
selected as the starting point of the fractal which is considered as a seed in this exam-
ple. As the dice is rolled, based on which color comes up, the seed in the initial point is
moved toward the related vertex half the distance between the seed and the vertex. The
new position of the seed is utilized in the next iteration as the starting point in which
the dice is rolled again and the seed is moved to the intended vertex accordingly. By
rolling the dice many times, the Sierpinski triangle is achieved as the final shape. The
schematic view of the presented methodology is depicted in Fig. 2 while the final shape
of the Sierpinski triangle and its self-similarity in different scales is presented in Fig. 3.

Random
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Midpoint
Random

Point

Midpoint
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Random Random
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Fig.2 The methodology of chaos game for creating Sierpinski triangle
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Fig.3 The final shape and self-similarity of the Sierpinski triangle in different scales

2.2 Mathematical model

In this section, an optimization algorithm is proposed based on the presented principles of
the chaos theory. The basic concepts of the fractals and chaos game are utilized in order
to formulate a mathematical model for the CGO algorithm. Because of the fact that many
of the natural evolution algorithms maintain a population of solutions which are evolved
through random alterations and selection, the CGO algorithm considers a number of solu-
tion candidates (X) in this purpose which represent some eligible seeds inside a Sierpinski
triangle. In this algorithm, each solution candidate (X;) consists of some decision variables
(x;;) which represent the position of these eligible seeds inside a Sierpinski triangle. The
Sierpinski triangle is considered as the search space for solution candidates in the optimi-
zation algorithm. The mathematical presentation of these aspects is as follows:

X7 [t
Xo | | e xy e xg
PO O T A i=1,2,....n.
AR e {i:l,z,...,d. M
b o I [T
n n n

where 7 is the number of eligible seeds (solution candidates) inside the Sierpinski triangle
(search space), and d is the dimension of these seeds.

The initial positions of these eligible seeds are determined randomly in the search space
as follows:

i,min i,max i,min

. . . . i =1,2,...,n.
x(0) = x| +rand.<xj -x ), { ! Lo " 2)

where xf(O) determines the initial position of the eligible seeds; ximin and ximw are the min-
imum and maximum allowable values for the jth decision variable of the ith solution candi-
date; rand is a random number in the interval of [0,1].

As previously described, the principles of chaos theory concern the existence of some
primary patterns in the behavior of dynamical systems which represent them as the self-
similar and self-organized systems. The created initial seeds (eligible seeds), represent the
primary patterns of the dynamical systems based on the chaos theory. The eligibility of
these seeds to be as the primary patterns (the self-similarity) can be modeled with solution
candidates (X) for an optimization problem. The solution candidates with the highest and
lowest eligibility levels are equivalent to the best and worst fitness values, respectively.
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The main concept of this mathematical model is to create different eligible seeds
inside the search space in order to complete the overall shape of a Sierpinski triangle.
In this regard, the methodology of creating new seeds inside a Sierpinski triangle is
utilized as well. For each of the eligible seeds in the search space (X;), a temporary tri-
angle is drawn with three seeds as follows:

e The position of the so far found Global Best (GB),
e The position of the Mean Group (MG)),
e The position of the ith solution candidate (X;) as the selected seed.

The GB refers to the so far found best solution candidate which have highest eligi-
bility levels and the MG, refers to the mean values of some randomly selected eligi-
ble seeds with equal probability of including the current considered initial eligible seed
(X;). The GB and MG; alongside the selected eligible seed (X;) are considered as three
vertices of a Sierpinski triangle. As mentioned before, for each of the initial eligible
seeds in the search space, a temporary triangle is created with the purpose of creating
some new seeds inside the search space which could be considered as new eligible seeds
for completing the Sierpinski triangle. The schematic view of the creating temporary
triangles is depicted in Fig. 4a while the detailed schematic description of this aspect is
presented in Fig. 4b.

The main purpose of creating temporary triangles is to create new eligible seeds in the
search space as described in the following. To fulfill this aim, four approaches are devel-
oped. The ith temporary triangle (ith iteration) contains the n available eligible seeds
obtained in the previous iteration and three vertices of a Sierpinski triangle [the GB (green
seed), MG; (red seed) and X; (blue seed)]. In this temporary triangle, 3 seeds and a dice
are utilized for creating new seeds regarding the chaos game methodology. The first seed
is positioned in the X;, the second one is located in the GB and the third one is placed in
the MG,. For the first seed, a dice with three green faces and three red faces is utilized.
The dice is rolled and based on which color comes up (green or red), the seed in the X; is
moved toward the GB (green face) or the MG; (red face). This aspect is modeled through
some random integer generation function which creates only two integers as 0 and 1 for the
possibility of selecting green or red faces. If the green face comes up, the seed positioned
in the X; is moving toward the GB but if the red face comes up, the seed positioned in the
X; is moving toward the MG,. Regardless of the fact that each of the green or red faces
have equal possibility of coming up in the game, the possibility of creating two similar
random integers for both of the GB and the MG; are also considered in which the seed in
the X; moves toward a point of the connected lines between the GB and the MG;. Based on
the fact that the movement of the seeds in the search space should be limited due to the
chaos game methodology, some randomly generated factorials are utilized in this purpose
in order to control this aspect. A schematic presentation of the described process for the
first seed is presented in Fig. 5a while the mathematical presentation of this process is as
follows:

Seed! =X;+a; X (f;x GB—y; xMG,), i=12,..,n 3)

where X; is the ith solution candidate, GB is the so far found global best, and MG; is the
mean values of some selected eligible seeds. a; is the randomly generated factorial for
modelling the movement limitations of the seeds while each of the f; and y, represent a ran-
dom integer of O or 1 for modelling the possibility of rolling a dice.
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(a) MG, MG, MG, MG,

Fig.4 a The schematic view of creating temporary triangles, b temporary triangles in the search space

For the second seed (GB), a dice with three blue and three red faces is utilized. The
dice is rolled and based on which color comes up (blue or red), the seed in the GB
is moved toward the X; (blue face) or the MG, (red face). This aspect is modeled as
described for the first seed. If the blue face comes up, this seed is moving toward the X;
but if the red face comes up, the seed moves toward the MG;. Similar to the moving pro-
cess of the first seed, the second seed can move towards a point of the connected lines
between the X; and the MG; and this movement is limited using some randomly gener-
ated factorials. A schematic presentation of the described process for the second seed is
presented in Fig. 5b while the mathematical presentation of this process is as follows:

Seed?> = GB+ a; X (f; X X; — ;X MG;), i=12,....n. )

where q; is the randomly generated factorial for modelling the movement limitations of the
seeds while each of the f; and y, represent a random integer of O or 1 for modelling the pos-
sibility of rolling a dice. The other parameters are as described for the first seed.

MG; as the third seed, a dice has blue and green faces and it is rolled and based on
which color comes up (blue or green), the seed moves toward the X; (blue face) or the
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(a) MG, (b) M,
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Fig.5 The schematic view of position update for a first, b second, ¢ third and d fourth seed in the search
space

GB (green face). This aspect is modeled through some random integer generation func-
tion which creates only two integers as 0 and 1 for the possibility of selecting blue or
green faces. It should be noted that the seed can move along the direction of the con-
nected lines between the X; and the GB, as well. Some random factorials are also uti-
lized to fulfill this aim, as:

Seed? = MG; + a; % (f;xX; —7;XGB), i=12,...,n. 5)

A schematic presentation of the described process for the third seed is presented in
Fig. 5c.

In order to implement the mutation phase in the position updates of the eligible seeds
in the search space, another process is also utilized to generated the fourth seed. The
position updates for this seed is conducted based on some random alterations in the
randomly chosen decision variables. A schematic presentation of the described process
for the fourth seed is presented in Fig. 5d while this aspect is mathematically modelled
as follows:

Seed! = X;(x* =x*+R), k=[1,2,....dl. (6)
where k is a random integer in the interval of [1, d] and R is a uniformly distributed random

number in the interval of [0,1].
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In order to control and adjust the exploration and exploitation rate of the CGO algo-
rithm, four different formulations are presented for a; which controls the movement lim-
itations of the seeds:

Rand
_ ) 2X Rand
% =9 (5 x Rand) + 1 )

(e X Rand) + (~ €)

where Rand is a uniformly distributed random number in the interval of [0,1], while 6 and
€ are random integers in the interval of [0,1].

Based on the self-similarity issues in the fractals, the eligibility of the available seeds
alongside the new ones should be considered together in order to decide whether or not
the new seeds should be included in the overall eligible seeds in the search space. The
quality of new solution candidates is compared to the available ones and the better ones
is kept and the seeds with worst fitness values is eliminated corresponding to the worst
self-similarity levels. It should be noted that the substitution process in the mathemati-
cal approach is implemented in order to decrease the complexity of the mathematical
model. In reality, all of the so far found eligible seeds in the search space is utilized in
order to complete the overall shape of the Sierpinski triangle.

In order to deal with the solution variables (xi) violating the boundary conditions
of the variables, a mathematical flag is defined in which for the xi outside the variables
range, the flag orders a boundary change for the violating variables. The terminating
criterion is considered based on the maximum number of iterations in which the opti-
mization process is terminated after a fixed number of iterations. The step by step pro-
cedure of the CGO algorithm is as follows while the pseudo-code of the algorithm is
presented in Fig. 6.

e Step I The initial positions of solution candidates (X) or the initial eligible seeds in
the search space are defined randomly.

e Step 2 The fitness values of the initial solution candidates based on the self-similar-
ity of the initial eligible seeds are calculated.

e Step 3 The Global Best (GB) related to the seed with highest levels of eligibility is
determined.

e Step 4 For each eligible seed (X;) in the search space, a Mean Group (MG;) is deter-
mined.

e Step 5 For each eligible seed (X)) in the search space, a temporary triangle is deter-
mined with three vertices of X;, GB, and MG,.
Step 6 For each of the temporary triangles, a;, f;, and y; values are calculated.
Step 7 For each of the temporary triangles, four seeds are created based on the
Eqgs. 3-6.

e Step 8 For the new seeds with ta variable outside the range, a boundary condition
check is conducted.

e Step 9 The fitness values of the new seeds based on the self-similarity issues are cal-
culated.

e Step 10 The available eligible seeds with worst fitness values corresponding to worst
self-similarity levels are substituted by the new seeds.

e Step 11 The terminating criterion is checked.
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procedure Chaos Game Optimization (CGO) Algorithm
Create random values for initial positions (xij) of eligible seeds (X;)
Evaluate fitness values for each eligible seed
Find GB, So far found best eligible seed
while (t < maximum number of iterations)
Sfor i=1: number of initial eligible seeds
Find MG;
Create temporary triangles with X;, GB, and MG;
Calculate the a;, B;, and y; values
Create new seeds by Eqs. 3 to 6.
if new seeds violate boundary conditions
Control the position constraints for new seeds and amend it
end if
Evaluate the fitness values for new seeds
if new seeds have better fitness values than the worst initial eligible seeds
Substitute the worst initial eligible seeds by the new seeds
end if
Update GB if a better solution is found
end for
t=t+1
end while
return GB
end procedure

Fig.6 The pseudo-code of the CGO algorithm

3 Mathematical test functions

In this section, almost all of well-known mathematical functions are considered in order to
utilize as test functions for performance evaluation of the CGO algorithm. A total number
of 239 mathematical functions categorized into four different groups based on their specific
characteristics are utilized (Jamil and Yang 2013; Jamil et al. 2013; Momin and Yang 2013;
Yang 2010a; Liang et al. 2005) in which different mathematical functions with different
characteristics is reviewed and prepared for utilizing in validation of the present algorithm.
Many available works in the optimization field utilize their algorithm for solving a high
number of functions while, they select and report just the best one. In the other words, the
worst results and problems were not reported and investigated at all and the advantage and
disadvantages of algorithms remain unclear. Obviously, this is not a correct manner for
evaluating an algorithm. We believe that for having a fair evaluation of the performance of
an algorithm, different problems with various properties should be considered. As a result,
we gathered and solved almost all of the classic and new mathematical optimization func-
tions in this paper. Also, the bad results as well as the good ones are reported. Hopefully,
this work opens new era for the future researches in presenting all results to discover all
good or bad properties of algorithms.

In the first group, 117 mathematical functions are presented which have minimum and
maximum dimensions of 2 and 10, respectively. Among these functions which are named
as F| to F|,4, the first 90 functions have 2 dimensions while the other 27 functions have
dimensions of 3-10, accordingly. The second group of mathematical functions consist of
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58 test functions in which the dimensions of these functions are variable due to the specific
formulation and are called as N dimensional test functions. In this regard, the maximum
dimensions of 50 is considered in dealing with these functions (fifty dimensional (50D)
functions) as F g to F ;5. For the third group, the mathematical functions of the second
group are considered with the maximum dimension of 100 (100D) as F;5 to F,s;. For
the fourth group, three composite and three hybrid mathematical functions are considered
which are named as F33 to F39. The specific characteristics of the mentioned mathemati-
cal functions in these groups are all presented in Table 3. In this table, C, NC, D, ND, S,
NS, Sc, NSc, U and M denote on Continuous, Non-Continuous, Differentiable, Non-Differ-
entiable, Separable, Non-Separable, Scalable, Non-Scalable, Unimodal and Multi-modal
respectively. In addition, R, D and Min represent the variables range, variables dimension
and the global minimum of the functions.

4 Alternative metaheuristics for comparison

In order to evaluate the overall performance of the CGO algorithm, some different optimi-
zation algorithms ae utilized as alternative approaches which provide a valid comparative
study. The utilized metaheuristics in this purpose are the FA, GWO, ICA, SOS, TLBO, and
the WOA. Based on the fact that some of the selected optimization algorithms are recently
proposed or developed for special purposes, the most recent and improved versions of these
algorithms are used in this paper. It should be noted that the internal parameters of the opti-
mization algorithms have the most vital role in the convergence performance of these algo-
rithms. In this purpose, a parameter summary of the selected algorithms is presented in
Table 4. The values of these parameters have been determined utilizing the reference-based
parameter identification process in which the internal parameters of these algorithms are
selected based on the previously published research papers. It should be noted that some
of the utilized metaheuristics are parameter free such as the GWO, SOS, TLBO, and the
WOA which are not mentioned in this table.

5 Numerical results

In this section, the obtained results of the optimization run for the CGO algorithm along-
side the other metaheuristic approaches in dealing with the mathematical test functions
are presented. The optimization problem in all of these metaheuristics are formulated in
which the maximum population size is taken as 50 and the maximum number of Function
Evaluation (FE) is selected as 150,000 for all of the metaheuristics. The maximum number
of iterations in each algorithm is adjusted based on the selected maximum number of FE.
Based on the fact that collecting quantitative results are of great importance in dealing with
different optimization problems, each of the CGO and the other metaheuristic algorithms is
used to solve the mathematical functions 100 times, separately and the mean and standard
deviation (Std) of the final best solutions are reported. The tolerance of 1 x 10712 is also
determined as the terminating criterion in which the optimization run is stopped if so-far
best result of the algorithm is in this tolerance of the Global Best of the problem. Then,
the number of FEs is calculated based on the pre-selected tolerance. In this section, the
minimum, mean and the standard deviation of the 100 optimization runs for the selected
algorithms in dealing with different mathematical functions are presented. In Table 5, the
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minimum and mean values of different optimization runs for 2D mathematical functions
obtained by the CGO algorithm and the other selected metaheuristics are presented. The
standard deviation of the final best result as well as the mean values of the maximum num-
ber of function evaluations are also presented in Table 6. In Table 7, the best and mean
results of 50D mathematical functions are presented while their related standard deviations
as well as the mean values of the maximum number of function evaluations are presented
in Table 8. Tables 9 and 10 present these results for the 100D mathematical functions. For
the composite mathematical functions, the mean values and standard deviation of different
optimization runs are presented in Table 11.

6 Statistical analysis

In this section, the maximum error values of the optimization convergence data have been
calculated and utilized for statistical analysis in which the difference between the known
Global Best of the functions and the final obtained optimal values are considered as the
error values. The provided details of different statistical analysis suggested by Garcia et al.
(2009) are utilized for this purpose. To fulfill this aim, five statistical tests have been con-
ducted in which the Kolmogorov—Smirnov (K-S) test is conducted for normality issues,
the Mann—Whitney U (M-W) test is implemented for comparing the summation of the
ranks of the different metaheuristics in a one by one comparing manner, the Wilcoxon
signed-rank (W) test is conducted for comparing the mean ranks of different metaheuris-
tics, the Kruskal-Wallis (K—-W) test is conducted for comparing the overall rankings of the
metaheuristics by considering the mean of the ranks of algorithms, and the Post-Hoc (P-H)
analysis is conducted based on the results of the K—W tests for additional purposes.

6.1 Kolmogorov-Smirnov test

There are two kinds of statistical tests which are applicable to the obtained statistical data
from multiple application as the parametric and non-parametric statistical tests. One of the
most important criteria which demonstrates the possibility of utilizing each algorithm in a
specific situation is the Kolmogorov—Smirnov (K-S) test. This test shows that the distribu-
tion of data is either normal or non-normal in which the distribution of each sample among
the statistical data are considered and checked accordingly. If the K-S test is rejected, the
data are normally distributed, and there is the possibility of using parametric statistical
tests for the research. Conversely, if the K-S test is confirmed, the data do not have a nor-
mal distribution, so the nonparametric tests can be used.

The Asymptotic Significance (Asymp. Sig.) values of the K-S test which are also
known as p values in dealing with the error values of the minimum, mean, standard devia-
tion and the maximum function evaluations of the optimization runs for the 2D, 50D, and
the 100D functions are presented in Table 12. This test is conducted as a two-sample test
in which the distributions of the CGO results are compared to the results obtained by the
other metaheuristics. It should be noted that if the p values are less than 0.05, the pre-
sented data are not distributed normally so the non-parametric statistical tests should be
conducted for further investigations. The obtained results of the K-S test demonstrate that
the p- values are less than 0.05 in most of the cases and the non-parametric statistical tests
can be utilized for further considerations. In this table, the maximum difference between
the statistical results of the CGO and the other metaheuristics are also presented in order to

@ Springer
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Table 4 Parameter summary

of the alternative metaheuristic Metaheuristic Parameter Description Value
algorithms FA Noop Number of fireflies (swarm size) 50
y Light absorption coefficient 1
p Attraction coefficient base value 2
a Mutation coefficient 0.2
amp Mutation coefficient damping ratio 0.98
é Uniform mutation range +0.05
ICA Noop Population size 50
Neyp Number of empires/imperialists 10
a Selection pressure 1
p Assimilation coefficient 1.5
Dr Revolution probability 0.05
U Revolution rate 0.1
¢ Colonies mean cost coefficient 0.2

have a fair judgment about the obtained results of the CGO algorithm. The maximum and
minimum differences of the results of the CGO algorithm with the other algorithms are
presented as bolted and italicized, respectively. The bolded values demonstrate the algo-
rithms which has the maximum difference with the CGO algorithm while the italicized
values show the algorithms which has the minimum difference with the CGO algorithm
among the other metaheuristics.

6.2 Mann-Whitney U test

The Mann—Whitney U (M—W) test is a nonparametric test that allows two groups of data to
be compared in which the null hypothesis denotes that it is equally likely that a randomly
selected value from one sample will be less than or greater than a randomly selected value
from a second sample. This test can be used to investigate whether two independent sam-
ples were selected from populations having the same distribution. This test provides the
summation of the ranks for two sets of statistical data which is considered for compar-
ing analysis. As a main criterion, if the summation of the ranks for one sample has lower
values than the other one, the one with smaller sum of ranks has better statistical results
and the utilized metaheuristic is superior to the other one. The results of the M—W test for
different mathematical functions based on the obtained results of utilized algorithms have
been presented in Table 13. In these tables, the upper and lower values are the summation
of the ranks related to the alternative metaheuristics and the CGO algorithm, respectively.
Based on the statistical results, the CGO for the summation of the ranks in most of the
cases are lower than the related values for the rest metaheuristics (bolded values in the
table). The related p values of this test for different mathematical functions are also pre-
sented in Table 14.

It should be noted that the results of the CGO algorithm (summation of the ranks) are
superior to the results of other metaheuristics considering the minimum, mean, standard
deviation and function evaluation values in dealing with 2D functions while for the func-
tion evaluation, the results of the ACO and ICA are better than the results of the CGO
which demonstrates the deficiencies of the CGO in this issue. For the 50D and 100D

@ Springer



i, M. Azizi

S.Talatahar

¥0°0 0 80-dvyL 0 60L991°0 0  ¥8LY000 0 4 T TEII9ST  80—HOTY 889981  TIOI000 %

0 0 80-d6¥'l 0 0 0 0 0 80000 O0I-H98CT S0-dAIl'T [1-979'8 SO-HeLY LO-HLST g

19790C—  19290CT— 19290°CT— 19290°CT— 19290CT— 19290CT— 19290CT— 19290CT— 19290CT— 19290CT— 19290CT— 19790CT— 19790CT—  19790°CT— g

YPP6TY—  PPPETP—  9S06'Th—  PREETP—  PRR6Th—  PRE6Th—  WRP6Th—  WRY6Th—  YEP6Th—  WhY6Th—  €TY6Th—  WhY6Th—  90V6Th—  Shb6TH— g

76'8961 — 000T— 0001 — 0001 —  tE€8'666— 10000— 6LTIS6—  666666— 0001 — 0001— 86'LIOI— LL666I—  LSETI6—  86'666— @

000T— 000T—  96'6661 — 000T— 0001 = 000I=  10°0001—  LS'0001 — 000I—=  €0°0001— 68°LT0I—  86661— 0001 = 0001 — 15

89ST+T— 89SIHT— 89SI+T— 89SI+T— 89SIvT— 89SI'vT— 89SI'vT— 89SI'vT— 89SI'vT— 89SI'vT— 89SI'vT— 89SI'vT—  L9SI'PT—  89SI'HT— 02q

9I€0'T—  9IE0'T—  9IE0T—  9IE0T—  9IE0T—  9IE0T—  9IE0T—  9IE0T—  9IE0T—  9IE0T—  9IE0T—  9IE0T—  9I€0T—  9I€0'T— oty

0 0 0 0 0 0 0 0 0 0 0 0 L0-d6I'Y 60—aAVI'S Sq

888870°0  9TS0000  €498T00  LPOODO  ¥I9SEO0  9T6RO0'0  IT6LO0  T0STIO0  €688T0°0  ISKO000  I9PE0I'0  SISKO0  S60981°0  SOLSEO0 tg

0 0 L0-H0T¥ TI-H00T 0 0 0 0 0 0 L0-dvv'8 80—HLOT SO-Her'l LO-HLTT o

0 0 0 0 0 0 0 0 0 0 0 0 0 0 S

LE06SS'S  LEO6SS'S  8YOISH'9  LEO6SS'S  ¥689VS'S  LEO6SS'S  LEO6SS'S  LEO6SS'S  680TS6'S  LEO6SS'S  P691S99  LEO6SS'S  IEIVEYS  L86SSS'S Yl

L88L6E0  LS8LOSO  LS8L6EO  LS8LOEO  LSSL6E0  LSSL6E0  LSSL6SO  LSSL6EO  L8SL6EO  LSSL6EO  LSSL6EO  LSSL6EO  TOESLEEO  LSSLEESO fq

0 0 LO-EIS8 60-HI6T 0 0 0 0 0 0 60—H9S'L TI-H9ST SO0-H6T1 60—HIOS ay

0 0 0 0 0 0 0 0 0 0 0 0 8S9VTTO  PF6T000 g

0 0 0 0 0 0 0 0 0 0 0 0 8EKSSTO 880000 Oty

0 0 0 0 0 0 0 0 0 0 0 0 6SI91¥'0  ISF100°0 6

S9L90T—  S9L'901— S9L°901—  S9L901—  S9L°901— S9L90I— S9L90T— S9L90T— I81'901— S9L'90T— S9L°901— S9L°901— +9L°901—  S9L°901 — 81

0 0 TI-d10'6 0 0 0 0 0 0 0 60-96TC I1-AIET 90—-HASOT 60— tq

0 0 01-d80% 0 0 0 0 0 0 0 80-909C O0I-dvT1 90—-dSE’S 80—HSS9 °d

0 0 PI-H987T 0 0 0 0 0 0 0 60-9S6T TI-HAIL6 LO-HALSE 60—H8Y'L d

I I I I [ I I I I I I I IT0LE0E 6SCS'T g

18120C—  18120C— 18120CT— 18120C— 18120C— I8120CT— 18120C— I8120C— I8120C— I8120C— I8120C— I8120C— I8120C— I8120C— o

679°S61—  6T9°S61—  6T9°S61—  6T9°S61—  6T9°S61—  6T9°S61—  6T9G6I—  6T9S6I—  6T9S6I— 6T9S6I— 6T9S6I— 6T9S6I— LTIS6I—  6T9'S6I— E |

00T — 00— 00T — 00T — 002 — 00T — 00— 00T — 00T — 00T — 00T — 00T~ €T6'661— 66661 — g
UBO[N  WINWITUTA UBO[N  WINUWITUTA UBSJN|  WNWITUIA UBSJN|  WINWITUIA UBSJ  WNWIUIA UBO[N  WINWIUTA UBO[N  WINUWITUTA
090 VOM og1L SOS VoI OMD vd

manuﬁom_m JNSTINAYRIOW IANRUWINY ‘ou ‘ung

SONSLINAYEBIOW JUSISHIP I0] SUONOUN [BONBWAIRW (JZ 9Y) JO SON[BA UBOUI PUR WNWIUIW Y], § 3|qel

pringer

Qs



a novel metaheuristic algorithm

imization

Chaos Game Opt

S6E8TT—  SO6E8TT—  S6EBTT—  SOEL8TT—  SOEBTT—  SOE8TT—  S6E8TT—  SOE8TT—  SOE8TT—  S6E8TT—  OCILTT—  S6E8TT—  ¥6E8TT—  S6E8TT— g
€8610'T— €86I0T— €86I0T— €86I0T— €86I0T— €8610T— €8610°T— €8610°T— €86I0T— €86I0T— €86I0T— €86I0T— €86I0T— €8610°T— g
I7661°0—  I¥661°0—  ISI6I'0—  I¥661°0— 8€661°0— I¥661°0—  LE6610—  I¥661°0—  TIP9I'0—  I¥661°0— S8LLT'0O— T11661°0— 8CT961'0— TI661'0— §q
SOr8I'0—  S9¥8T'0—  S8ILLI'O— SO¥8T'0—  €9¥81'0— SOV8I'0— 6SYBI'0O—  SOV8I'0— 96871°0—  SO¥8I'0—  SSSST'0—  +vEV8I'0O—  6II8T0—  STHBI'0— q
€108 T — €108°'T—  LTS8L'T— €108 T — €108°'T — €108 T — €108'T — €108°T — €108 1 — €108 T—  6TE6L'T— €108°'T — €108 T — €108 1 — g
€899°61—  €899'61— €899'61— €899'61— €899'61— €899'61— €899'61— €899'61— €899'61— €899°61— €899'61— €899'61— €899'6I— €£899°61— q
eI’ - Teele’l— el - Teele’l—  Teele’l—  Teele’ - TCele’l—  Tlele’ T~ €Telo’l — €el6'T—  TTEIOT—  TCele’l—  TTEIOT—  TCEl6'] — e
0 0 0 0 0 0 0 0 0 0 0 0 LO—HOEY 60—H6T'8 9
8ET9LT— BET'OLT— 8ET'9LT— BEI'OLI— IT8SLI— BEI'OLI— 8ETOLT— BET'9LT— L98'FLT— BET'9LT— 9S6'TLI— 8EIT'9LT— TEI'OLT—  LET9LT— RE|
TPSOLT—  TPSOLI—  THPSOLI— THSOLI— THSOLT— TYSOLI— TYSOLI— TYSOLT— TPS9LI— TPSI9LI— TIOSLI— THSOLI— €SOLT—  THSOLI— RE
0 0  60—d¥eL 0 0 0 0 0 90—d¥8'1 0 80—d9S'T OI-HLI'Y 60-dIS6 O0I-dE9'1 RE
L9ELY0—  L9EL90O—  L9EL9O—  LI9EL9O—  L9EL9O—  L9EL9O—  L9EL9O— L9EL9O— L9EL90— L9EL9O—  L9EL90—  LIEL9O— LI9EL90—  LIELYO— R
TTOCYCT  TToevel  889EPCT  TT9EvCl  TTOEPCT  TC9evel  TTOEPCI  TC9evel  TTOLYCI  TT9TvCl  TTOCHCI  TT9EvCl  TTOEHCI  ToE¥vCl 8
8SYeET— 8SYeT— 8SYeT— 8SYeT— 8SveCT— 8SYeT— 8SYeT— 8SYeT— 8SYeT— 8SYeT— 8SYeT— 8SYeT— 8SveT— 8SYeT— Rt
0 0  60—dEI'Y 0 0 0 0 0 0 0 LO—HET'6 60—HOST 90—dI8L 80—HI9E %
€66'S9T—  €S6'S9T—  €S6'S9T—  €S6'S9T—  €S6'S9T—  €66'S9T—  €S6'S9T—  €66'S9T—  €S6'S9OT—  €66'S9T— #9999 —  €66'S9T—  €S6'S9OT—  €56'S91 — *q
€ € € € € € € € € € € € T00000°€ € "
L¥¥90°0 L¥¥90°0 LY¥90°0 L¥¥90°0 LY¥90°0 L¥¥90°0 L¥¥90°0 L¥¥90°0 L¥¥90°0 L¥¥90°0 L¥¥90°0 Ly¥90°0 L¥¥90°0 L¥¥90°0 g
0 0 S0—dS9'S TI-dCI'9 0 0 0 0 0 0  LOTI9Y'6 80—HCO6'T  ILZ0000 90—HLY'I “d
0 0 TI-d6L'T 0 0 0 0 0 0 0 60—d¥0'C TI1-H6ST 90—HCO'T 80—HIET 1
0 0 0 0 0 0 0 0 0 0 0 0 90-H6CT8 LO—HYE'T g
8TIL'1 8CIL'L 8CTIL'T 8TIL'L 8CIL'L 8TIL'L 8CIL'L 8CTIL'1 8TIL'L SCTIL'T 8TIL'1 8CIL'L 600°¢186 976991 4y
1= - 1= - 1= - - 1= - 1= - I— 968¥L0— 9L66'0— q
VILL'YC— TVILLYT— TVILLYC— TVILLYT— TVILL'YC— TVILLYT— VILL'YC— TVILLYT— VILLYC— TVILLYT— TILL'YC— TVILLYT— TILL'YC— TILLYT— Ly
UBO[N  WNWIUTIAL UBO[N  WINWITUIA URQJN  WNUWIUIA URQJN  WNUWIUTA UBQN  WNWIUTAL UBO[N  WNWIUTAL UBO[N  WNWITUTAL
09D VoM od1L SOS VoI OMD vd

SWYILIOS[E JNSLINOYRIOW JANBUINY  “OU "Ung

(ponunuod) g sjqer

pringer

As



i, M. Azizi

S.Talatahar

680761~ S80T6I— S80T6I— S80T6I— S80T6I— S80T6I— S80T6I— S80T6I— SSOT6I— SSOT6I— SSOT6I— SSOT6I— $80T6I—  SS0T6I— g
€069~  €0T6'9T—  €0T69T—  €0T69T—  €0T6'9T—  €0T6'9T—  €0T6'9T—  €0T6'9T—  €0T6'9T—  €0T6'9T—  €0T6'9T—  €0T6'9T—  €0T6'9T—  €0T6'9T— ot
95HE — 9ShE—  TS'SIET— 96pE—  T'E8TE— 95YE— 95HE— 95H€ — 95HE— 95H€ — 95H€— 9SPE—  €8L'EOL—  8P'SSHE— ey
0 0 LTEI00  SO—H08'6 0 0 0 0 60-dI8T 0 SO-avTL 90-AYI'C  L9698TO  6L0V000 1y
6LST6T0  6LST6TO  6LST6TO  6LST6TO  6LST6TO  6LST6TO  6LST6TO  6LST6TO  6LST6TO  6LST6TO  6LST6TO  6LST6TO  69€€6T0  TOVI6T O Ot
L9STO00  L9STO00  89ST100°0  L9SI000  L9SIO00  L9SIOO0  LISTOO0  LISIOO0  L9SIOO0  L9SIOO0  L9STOO0  L9SIOO0  €0LTOO0  $8S100°0 4
0 0 0 0 0 0 0 0 0 0 0 0 $9€0000 60—HAIL'S 99
0 0 0 0 0 0 0 0 0 0 0 0 S0-d£T9  11-H98F Y
0 0 L0-d6S1 0 TI-FELT 0 0 0 0 0 60-dITL 0 8C0TETI8  8IE6VSO P4
0 0 0 0 0 0 0 0 0 0 0 0 996+T 1010800 R
0 0 0 0 0 0 0 0 0 0 0 0 10KTTIT  ¥8890€'S ¥
TILEYE  TILEYE  TILEVE  TILEVE  1€68L'ES  TILEVE  TILEVE  TILEVE  T8T60V9  TILEVE  PSPPT69  TILEVE  SE9S6'SE  TILEPE g
- - - - - - - - - - - - - - Od
TT- TT—  TI661T— TT— TT- TT- Tt TT- Tt TT- TT- TT—  66661T— Tt 4
TLEL8E—  TLELSE— TL'EL8E— TL'ELSE— TL'EL8E— TL'ELSE— TL'ELSE— TL'ELSE— TL'ELSE— TL'ELSE— TL'ELSE— TL'ELSE— TL'ELSE— TL'ELSE— 09
0 0 L0-d6L'1 0 11-9601 0 TI-H0£T 0 L0-H0TT 0 TI-96tv'9 0 I€099°LF  $88000°0 R
8261000 0 PELIOOO 0 L91000°0 0 0 0 0 0 8ISTO00 119698 LOLEOSL  6LVS90 |
60 60 €160 60 60 60 60 60 8160 60 60 60  S00006'0 60 g
0 0 01-ds¢l 0 0 0 0 0 0 0 80-dILT OI-dI6T 8€0S9TL  6£8900°0 %4
60 60 €160 60 60 60 60 60 8160 60 60 60 S00006°0 60 “d
€6€960—  €S€960—  €S€960—  €S€960—  €S€960—  €S€960—  €S€960—  €S€960—  PSE960—  PSEI60—  €S€960—  €S€960—  €S€960—  £5€96'0— =
0 0 01-dzLT 0 0 0 11-9LY'S 0 0 0 90-dI¥'l TI-avl'c LO-ALLS 60—d68°9 g
0 0 0 0 0 0 11-90T°€ 0 0 0 11-9r€T 0 01-dILS 0 “y
0 0 0 0 0 0 0 0 0 0 0 0 0 0 '
UBO[N  WINUWITUTA UBO[N  WINUWITUTA UBOJN|  WINWITUIA UBOJN|  WINWITUIA UBQJN  WINWITUTA UBQN  WINWITUTA UBO[N  WINUWITUTA
090 VOM og1L SOS VoI OMD vd
wESHCOM_m JNSTINAYRIIW IANBUWINY ‘ou ‘ung

(ponunuod) g sjqer

pringer

Qs



a novel metaheuristic algorithm

imization

Chaos Game Opt

0 0  +€88000 90—HET'T 0 0 0 0  TSEL000 60—AIET  SO0TO00 60—ATYE  T1LI0000  90—HASH'S 869

0 0 0 0 0 0 0 0 0 0 0 0 0 0 Lo

0 0 80-H0T¥ 0 0 0 11-dav89 0 0 0 90—deS'T 0 Lo-ab¥'E 11-d0'1 %4

9ESHTO0  9ESHTO0  9ESKTO0  9ESHTO0  9ESHTO0  9ESHTO0  9ESHTO0  9ESHTO0  8¥T0000  SO—HISH  9ESPTO0  9ESHTO0  9ESHTO0  9ESHTO0 69

0 0 90-H0v'8 0 YI-A9L6 0 80—dEET 0 90—d70 0 80—dILS T11-d10€ SO-dAT6'L LO—HAITT voq

8L798'€— 8LTISE— SOTISE— SLTISE— SLTISE— 8LTISE— 8LTISE— 8LTISE— 8LT9SE— 8LI9SE—  €T98'E— 8LI9YE—  8LI9YE— 8LTISE— €0

0 0 80€T000  L0—H99'9 0 0 0 0 S0—dITT 60—d8ET 90—dALLT 80—d6TT  9¥€0000 SO—HOI'T g

0 0 oI-dIlT 0 0 0 0 0 0 0 80-dSI'T 01-dISE SO0—dl6'T LO—HATTS 1og

0 0 0 0 0 0 0 0 0 0 0 0 8SLOL0OT  STI90T'0 061

€7S€°0—  €TS€0—  €TSE0—  €TSE0—  €TSE0—  €TSE0—  €TSE0—  €TSE0—  €TSE0—  €TSE0—  €TSE0—  €ISE0—  €ISE0—  €TSE0— 8

6LE000—  6LE000— 6LE000— 6LEO00— 6LEO00O— 6LEO00— 6LEODO— G6LEODO— G6LEOD0— G6LEODO— G6LEODO— 6LEO00—  6LEO0O—  GLEOO'O— 8

Se1T se1T Se1T SeTT seTT Se1T Se1T Se1T SeTT Se1T SeTT SETT  S969THT  IS8E9TT Rt

0 0 90-d€TL 0 0 0 0 0 60—d89T 0 80—dT6'T 0 9T0ST'€T  SLSSY'SI %

0 0 ¥61S000  SO—ALO'T 0 0 0 0 TI-dI0L 0 90—dIt't 60—dASET  80+ASE  9I6€TTE g

00v— 007 — 00v— 007 — 00v— 00v— 007 — 00v— 00v — 00v— 00v— 00Y—  L66'66E— 007 — 8y

1€90€°L— LOS'L—  TEHOSL— LOS'L—  +890€L— LOS'L—  T90E'L— LOS'L— LOS'L— LOS'L—  9LSOE'L— LOS'L— LOS'L— LOS'L— g

ST1- S1- S1- S1- S1- ST1-— ST1- ST1- S1- S1- ST1-— ST—  ¥666V'T—  66661'T— B

ST— ST— ST- ST— ST— ST— ST— ST— ST— ST— ST— ST— 1666V'T—  6666V'T— 181

18918'v—  18918'v— 189I8'h— 18918y — 189I8H— 189I18H— 189I8y— 189I8H— 189I8y— 189I8y— 189I8+— 189I8y— 189I8H— 18918+~ 084

100 0 +ZSIPY0  90—T09'L 0 0  LTLLIOO 0 90°0 0  6VSIS90  SO—AYST  +I09LT0  THHTO'0 g

COV6TE—  L890S'€— €799TE—  L890SE— +890€'€—  L890SE—  L890S'E€— L8S90S'E— G6TLITE— L890SE— FOVSTE—  L890E'€E— 86ISTE—  6L90EE— Sty

0 0 60—-959'S 0 0 0 0 0 0 0 609591 0 L0-H90°9 80—H08T g

€TL80T— €TL8OT—  L98°01— €TL8OT— €TL8OT— €TL8OI— €TL8OT— €TL8OT— 8H98°0T— €TL80T— €#98°0T— €TL80T— €TL80I—  €TL80T— g

89ST'vT— 89ST'¥T— 89ST'¥T— 89ST'vT— 89ST'HT— 89ST'HT— 89ST'HT— 89STHT— 89STHT— 89ST'HT— 89STHT— 89ST+T— L9ST+T— 89ST+HT— Sty
UBO[N  WINUWITUTA UBO[N  WINUWITUTA UBOJN|  WINWITUIA UBOJN|  WINWITUIA UBQJN  WINWITUTA UBQN  WINWITUTA UBO[N  WINUWITUTA
090 VOM od1L SOS VoI OMD vd

SWYILIOS[E JNSLINOYRIOW JANBUINY  “OU "Ung

(ponunuod) g sjqer

pringer

As



i, M. Azizi

S.Talatahar

01z— 01z— o1z— 01z— oIz— 01z— 01z— 01z— 01z— 0IT—  TE8'L81— 01z— 81T'89Y  LP61'9€— Ly
SLL'SY—  SLL'SY—  SLL'Sh—  SLL'Sh—  SLL'Sh—  SLL'Sh—  SLL'Sh—  SLL'Sv—  SLL'Sv—  SLL'Sv—  SLL'Sh—  SLL'St— STLL'Sh—  9LL'Sh— g
615960  6L6S6'0  SSSL960  6L6S60  69TE960  6L6S60  TPESIED  6L6S60  6L6S60  6L6S60  TISY60  6L6S60  ITSHI60  6L6S60 Sty
(I 0S— (S 0S— 0s - 0s— 0s— 0s - 05— 0s - 0s— 0S— STOL'8y— SILL'6Y— g
QOLLTE— 9€TTEE— LIIVTE— 9€TTEE— TTIEE— 9ETTEE— 1669TE— 9ETTEE— 6SLICE— 9ETTEE— STOLTE— 9€TTEEC— LLI6TE—  9€TTEE— g
1%1€00°0 0 61T8T00  SO—ASST  99TT000  SO—AILT  €€01000 90—ASK'T  $90S000 SO—HcLT  T8IP00'0  SO—HPO'T  SES800°0  199£00°0 g
£PES6'0— 696'0—  TOLLO— 696'0—  LISS60— $960—  ¥66560— $960—  €I1T6L0— $960—  T8EE60— 6960~ $96°0— §96'0— 1y
C98°6TS— 1L8'6TS—  8I'6TS— IL8'6TS— S98°6TS— IL86TS—  LS6TS— IL8'6TS— I1L8'6TS— IL8'6TS— 8TH6IS—  L86TS— TTI'PTS—  S8P6TS— oty
8Y8TTI'1 0 SPE96IF  LIEEYOF  SE8PSOL  90—H8TH  8SL6YII  LO—HTST  66TLLOI 0 §P091  LSO0STO  6£99°661  9TTOSTI 601g
6v0700°0 0 LLTIO0 90—HATET  IS6L000 SO—A6LT  L981000 LO—AS6T  S6EEI00  90—HEYT  LL9800'0 90—HITE  9€SS000  SO—H6TE 801 g
S661°01— P9ESOI—  T8THOI— ¥9ES0I—  LIFOI— +9E€S0I—  T8THOI—  P9ES0I—  9LVOV'6— P9ESOI—  9PLEOI— PI9ESOI—  SLISOI—  LSESOI— Lolg
[LLIOI=  6T0V0l— L6VEOI— 6T0V0l— 996T01— 620V0I— 996T01— 620V01— S6819°6— 6T0V0I— 996T01— 6T0V 01—  v6£01—  STOYOI— 01 g
12668'6— TESI0I— TESI'0OI—  TESI'OI—  TESI'OI—  TESTOI—  9€SPL'6— TESIOI—  €0L96— TESIOI—  LOW6Y'6— TESIOI— S16966—  HTSI0I— o1y
0 0 0 0 0 0 0 0 vI-366'¢ 0 0 0 0 0 roly
6170000  80£000°0  SISO000 600000 600000  80£000°0 800000  80£000°0  60S000°0  80£0000  SOIVO00  80E0000  ¥8SO000  9¥E000°0 01y
0I-HI0'T TI-H0LC OI-H20°S <TI-H0LT I[I-A8I't <TI-H0LCT OI-d61'l TI-H0LT 60-3p6'1 CTI-H0LT [I-aP1'S CTI-H0LT 1I-FKCT CTI-H0LT Wlg
60—ATT'L 0 9I'06L6  8LO0OSS'E  LO—AYS'I 0 SPSETO'0 0 TI-dITT 0 SO8€6'ST  98L0000  €80°V16€  90FH SEL 101y
0 0 0 0 0 0 0 0 0 0 0 0 TIIT0ST  €€IH'€8¢ 00ty
0 0 SS9T60'S  SO-AII'T  9L9€0°0 0 0 0 L9€E91°0 LO-HS86'T  I¥TTSO  LO—HASTT  SLIS900  LIS0O000 06

UBQJN  WNUWIUIA UBdlN  WNUWIUIA UBQ[N  WNWIUTA UBQJN  WNWIUTA UBQJN  WNWIUIA UBQJN  WNUWIUIA UBQlN  WNUWIUIA

090 VOM og1L SOS VoI OMD vd
wﬁsuiom_m JNSTINAYRIIW IANBUWINY ‘ou ‘ung

(ponunuod) g sjqer

pringer

Qs



Chaos Game Optimization: a novel metaheuristic algorithm

000°0ST SI—HS9C  000°0SI TI—HCZET 000°0ST SI—H89'C 000°0SI SI—HS9T 000°0ST SI—H89°C  000°0SI OI—-dYI'C  000°0ST LO—HCI'6 i

000°0ST ¥I—H00'S  000°0SI T66ITI'0 000°0ST ¥I—HOO'S 000°0ST ¥I—HO0'S 000°0ST PI—HIOS 000°0ST 69€0I0°0  000°0ST 96¥£00°0 |
$'9€96°CT  €98TILT  000°0ST 90—HS8LE 000°0ST +L9TOT'T  000°0ST L8ISSET  000°0ST LO—HLS'S  000°0ST 99660F1  000°0ST  916°661 |
T1°LTC99 €1-dPI'6  000°0ST TE1960°0 000°0ST 60—H80'E 000°0ST 80€8SO'0  000°0ST 96TE000  000°0ST 16V6'TLT  000°0ST 0 1o
LIT9SY6 SI—HLS'E $970°80T 90—HIY'I €60y SI—HLS'E 8566 SI—HLS'E T16€T9ST SI-HLSE S$L66'6FT 90—HITT  000°0ST TET0000 |
YETSLLT SI—HIS'T ceel SI—H9¢°1 ISST SI—H9S'I 981C SI—HIS'T €0I9¥IL SI—HIS'I CI8Sy SI—H9S'T +EI9P9 SI—HIS'I e |
S6L°09¢C 0 §'Cess 0 £6CE 0 V8LE 0 6L89CI¢ 0 G'L86 0 000°0ST LO—HT6€ 8l

000°0ST  STELIOO  000°0ST  €TSPIO0  000°0ST  66SSI0°0  000°0SI  ZTLOPYO'O  000°0ST  SL8910°0  000°0ST I1¥01¥0°0  000°0ST  S6€880°0 |
1€9°98¥¢ 0 000°0ST LO—HSLS 695y 0 9,801 0 LO9VCIv 0 000°0ST LO—HOE6  000°0ST 90—HZ06 o
69¢c1'0S 0 001 0 €01 0 0¢ 0 8LT9¥91 0 101 0 860°9¢CI 0 9
8L0°6TSL SI—AVI'L SL9SOIT T001LS0  VLT'EY LYE6TSO 9€SL ST—HPI'L SY9S0'6y LTISLSO  9SITYI 1L90VS0 6T89TOI  8TLY6TO "

000°0ST SI—H90°T  000°0ST 60—HEY'S 000°0ST SI—H90'T 000°0ST SI—H90'T  000°0ST SI—H90'l  000°0ST 80—HS9'9  000°0ST 90—HOE'S o9
669 VLSY 0  000°0ST LO—HS9'L 0sov 0 €88 0 908¥¢l 0 000°0ST 60—HST'8  000°0ST SO—HST'I U
L66'8YLE 0 S1€8'Le 0 6VLS 0 [43%% 0 L9eS'8S 0 8Yv1 0  000°0ST TTELYIO 1
681°8ST¢ 0 §'TLT6 0 019% 0 ees 0 6EL'S8LY 0 LLTT 0 000°0ST TOLIEIO e |
£0L'888C 0 S166L 0 oy 0 00S 0  PLYPSE 0 S9Cl 0 000°0ST 16LEITO gt |

000°0ST ¥I—HLY'S  000°0SI 60—H6T6 000°0ST ¥I—HIS'S 000°0ST +vI—HSS'S 000°0ST €9TSECE  000°0ST 90—HS6'T  000°0ST SO—HLE6 81
$8C°699¢ 0 STITYOI T1-HILT 8¢I¢E 0 980L 0 8SESL6T 0  000°0ST 60—HSY'T  000°0ST 90—HST'I |
8TIEL6T 0  €S8TTT 60—HIE'T 0SSL 0 08L'81 0 SIE8I9T 0 000°0ST 80—HSTT 000°0ST 90—dAY09 °d
166°€819 0 SSOLSY €1-ar0T €69 0 veELOT 0 TT°6£1°6E 0 000°0ST 60—HSO'€  000°0ST LO—HSLE ‘A
9LE8LOY 0 S9L¥'¥T 0 €1sS 0 w69 0 IcCeIess 0 [a1! 0 000°0ST €16T6'LT "

000°0ST SI—HETT  000°0SI SI—HSYT 000°0ST SI—HETT 000°0SI SI-HETT €r10611 SI—HLSE  000°0ST ¥I—HZE'S  000°0S1 €I—HIET ke
CCY'E8LT €1—HdLSY GCTL6T CI—HLSY clee €I-dLSY 8YCE CI-HLSY LYO6'IEIl C€I-HLSY 16S°1T €1-dLS¥  000°0ST  TTS100°0 =
6£9°6ELY 0 I61LC 0 LS99 0 (488 0 608°S80L 0 §'9CIT 0  000°0ST  9L8EV00 '
‘Waung A PIS  AHUnd A PIS A UNG AR PIS C[AH U A PIS C[AH U AR PIS A UN AS@ PIS TAF Ung AR PIS

0DO vOom Od1L SOS VOI OMD vd

SWIIOS[E ONSLINOYLIOW JATRUIY  "OU UnJ

SUOTIOUNJ [EOTIRWAY)EW (J¢ J0F (‘TAF "UNJ) SUOTIEN[BAd UOTIOUNJ JO UBAW puUe (‘A9(] "PIS) UOTIRIASD pPIEpuUR)s U], 9 3d|qel

pringer

As



S.Talatahari, M. Azizi

ELVLT'99 LI-ASS'S S'SES'bPI  TL98100  +LST9 SO—AS6'6  9TT'86  €010000 S'896Y'EI  PPOILO0  000°0ST  SI9ZSO0  000'0ST  TI9T000 ty
ELELLT ST—H9S'T VLES LPLTITO 6091 SI—A9ST  +00E SI-H9S'T 8SLOEOT SI-HA9ST 16§ TPT  €1080°0 S8'G98°SE ST—HIS'T 4E
v6L°L6T vI-AITE $6sT PI-AITE 16V vI-4ITE 8SS PI-AITE €EELT8E PI-AITE 6LC YI-AITE  8L'SYOT PI-AITE g
000'0ST ST—ATOF  000°0ST TI-ATHT 000°0ST SI-ACOt 000°0ST SI-HT0F T'€I0FT SO-ATST  0000ST 60-A6TT  000°0ST S0—ALY'9 ™
STL'968T 0 SIENT 0  9s8¢ 0  sup 0 TS6SL'61 0 SIEN 0 000°0ST LO—HSI'Y RE|
LTLLY99 €1-FEP'E 866 €I-ACK'E  TESS IHTIONE  PS8L SI—ALK'E 9EBLE'ET STSSST9  906°ChT  TTBI6S'6  000°0ST 9809000 RE|
000'0ST €1-ASKT  000°0ST LO—H699 000°0ST E€1-ATET 000°0ST 60—-H69'T  000°0ST €I1-ASET  0000ST E€LIOS6E'L  000'0ST  9S9010°0 R
78°021°S1 0 OISyl 80-ATET  L8S'SI 0 O0L6Ob 0 IEL9°VT 90-H9T'L 000°0ST S0—AELT  000°0ST 80—HTO'T o
000'0ST 9T—AE6'S  000°0ST 80—HASS9  000°0ST 9I-HAL6'S  000°0ST 9I—-HEE'S  000°0ST 90—HACI'T  0000SI 60-A6LT  000°0ST T1-HC6T 661
000'0ST €I-AK'T  000°0ST  L9900°0 000°0ST EI-AP¥'T 000°0ST EI-ASH'T  0000ST E1-ALST  0000ST L0-H09'6  000°0ST 90—dAb'S e
65PP'916 SI-H89'C  SP09T SI-A89C 001 SI-A89C  PELI SI—AS9C 9SET99S SI—ASYC  880°IL SI-ASYT 19°SL6'TI SI-HSYT g
LE'0S6°ET 0 STLI'OST 80-A9TT S88L 0  SEpsT 0 ThTsTLe 0 0000ST 90-AI89  000°0ST 90—AELI'S %61
YET0596 FI-AIL'S €181 vI-AIL'S  T¥9S PI-AILS  OILL PI-HAIL'S 9S0L°L98 PI-HIL'S  LLO'TE 88LO60'S LI'ELO'TS L9T0000 !
18708 0 0000ST LO-AbTE  T8TH 0 8806 0 HO6'PLLE 0 0000ST LO-HEY'S  000°0ST 90—H66'T "t
000'0ST 9T—AKO'T  000°0ST TI—ASLT 000°0ST 9I-APO'T 000°0ST LI-H6S'S  000°0SI LI-AI6'S  0000ST OI-HAS0C  000°0ST OI—HO9'Y R
$1'9089 0 0000ST 6L10000  OLIL 0  8I66 0 106'€hhL 0 0000ST 9€€€9'61  000'0ST 88T000'0 “q
697'€99€ 0 9L6'€01 TI1-dEy9  €¥IE 0  sioL 0 TTSIV6T 0 0000ST 60-H9LT  000°0ST 90—ALOT g
8S1'v89C 0 1LLy 0  ol6E 0  oLp 0 TPEEPST 0  $6801 0  000°0ST 90—HS8'L L
LO9LLE ST-ASY'T SLPOOS ST-ASKT  Tebe SI-ASY'T  9¥9S SI—ASKT ISE'S6L6 SI-ASKT  TL6'OVI SI-ASYT  000°0ST TE9TY'TT 6
190°€209 0 S88'6€T OI-A9I'E  60EL 0 OEI'TT 0 1€TOPHI 0 0000ST SO—ALKF'T  000'0ST 9S689€°0 o
80¥'S9pT 0 SEI8 0 LpIT 0 0991 0 POET'L09 0 126 0 S'859°06 ST1TZ00 g
88°628°9F T11¥I8T0  LIT'6YI LO—HLTT S90'SKI 18T09E0  8S6HIT  SY09€00  000°0ST 0 0000ST SYILLL'O ~ 000'0ST 68099%°0 %
9L'98T+T 0 SEI'Ovl 80-A86'€  IHOE 0 +ES'E9 0 0000ST 6€S1000  000°0ST S0—HASS'T  000°0ST SO—HO0'Y g
AFUNg A PIS A UNG A PIS AE UND ARQPIS AR N ARQPIS A URG  AS PIS  TAE UDJ A PIS  IAF UM A9 PIS
090 VoM og1L Sos VoI 0MD \Z!

SWIIOS[E ONSLINOYELIOW JARUIAY  "OU Un

(ponunuoo) g s|qey

pringer

A s



Chaos Game Optimization: a novel metaheuristic algorithm

6080661 0 €v9T 0 S10€ 0 881¢ 0 96TYIIE 0 S'88L 0 €LOLYPT  £€66000°0 0L
000°0ST LI—H09'T  000°0ST 90—dr6'€ 000°0ST LI—HIST 000°0ST LI-HCLT 000°0ST LI-H09'T 000°0ST 60—H0S'6  000°0ST SSOT000 g
918°0€6C 0 T80l 0 6Ly 0 9€TS 0 88'809°0C 0 T8 0  000°0ST LS8000°0 84
TLETIO0T 0 SOopLI 0 orze 0 YOrE 0 €90°6L81 0 79 0 000°0ST 9020000 0
T'696°0C 0 $9T°SET 90-AIST  196'vy TT—HASST 8588l 0 €TESLOY 0  LTETS 80—HEST  000°0ST 9°891°79T 9
10€°526T 0 S66v9 0 ceoy 0 ¥98% 0 809°106L 0 S¢6eTl 0 000°0ST TL6ILIT 0
9% T60E 0  S$TSI8 0 00€Y 0 T€TS 0 TOLEI86 0 18€1 0 000°0ST LLEI'LTT &
IY6'LL6T PI—ALS'E  SO0E0T vI—HLS'E  6SI'SL ¥T0I6'61 2197 PI—ALS'S TO0LTIT €TOPTLI SE€OVTET 1LTP6'TI 86°09STI  6VLYOS'L ©q
7597669 0 SS6LYPT OT—HOI'E 6765 0  9L9°01 0 £¥S98FE 0 000°0ST 60—H98°S  000°0ST 80—HSOT ©d
65°LS9°0C ST—dc0v  000°0ST ThbI00'0  06T°CI SI—HCOY  889°ST SI—HATOT $88°09€S SI—HATOF  000°0ST 90—H60T  000°0ST 90—TE'S 14
000°0ST TI-AET'8  000°0ST 80—ATIv 000°0ST TI—HET'8 000°0ST CTI—HET'S  000°0ST TI—HST'S  000°0ST 80—H60'T  000°0ST  LSSO000 e |
97°869°81 0 STLYSTI 90—H00'T TIS90T TT-AS0EC 07968 CI—HLOS €L6S9°VF 90—H66'T  £L9°60T TT—A9Y'T  000°0ST S'STSPLI |
0SL‘YS  697€00°0 S'€0E'90T  68T€000  80v°0T LSOTO00  8STHT 0 TEE6S9P 0  000°0ST LI9€00°0  000°0ST T+S96°CT |
16°SILTT 9T—HIS'L §9TI‘LT 8¢€€0°0 PIL'ET 91-HISL 0611 91—HI8L ¥ITOY'IE TI98E00 SySCe 91-HIS'L 000°0ST 90—d¥9'¥ g
16°505°61 0 S'€€0'801 O1—H06'Y LLOS 0 96181 0 TSHor9E 0 000°0ST 80—H06T 000°0ST ¥S6LIT9 &
16SILTI 91—dISL S9TI'LT  8E€00  PIL'Cl 9I-HISL  06C11 9I-AISL PI'TEKIE TI98EO0  SPSTE 9I—HAISL  000°0ST 90—TY9¥ d
000°0ST SI—APE€T  000°0ST OT—HOFT 000°0ST SI—APET 000°0ST SI—HPET LSTYOIT SI—HPET  000°0ST 90—H9ET  000°0ST LO—HE6'T "
86814 0 TI9TIT OI-H0L'8  £09°CI 0  99I'8S OI-HIK'S LSE'861T 0  000°0ST SO—ATOT  000°0ST LO—HTHY R |
SL'LTITOT 0 SLETT 0  9v06E 0 TSLSIT OI-ALET  T¥°L08 0 S9TYCIT OI-ACTT €9v9F+T 60—HT6'T “a
LLSSTEE 0 vee 0 Ty 0 0LS 0 868T11C 0 $9¢ce 0 €LOLIET 0 q
000°0ST ST—H89°CT  000°0ST 80—H6ET 000°0ST ST—H89'CT 000°0ST ST—HSY'T  000°0ST SI—HILT 000°0ST TH6IL00  000°0ST SO—HOET o |
000°0ST ST—H6LT  000°0ST ST—H6LT 000°0ST ST—H6LT 000°0ST SI—H6LT TLYO'S9F 9I-HE6'S  000°0ST II-HEY'T  000°0ST OI—HSE'E o7
16'0v8°'SS 91—d8Iv STIT6FI  16V020°0  960°SS SO—HS9'L 969°601 SO—HLI'9 $T08'STI 96£LE00  000°0ST  v¥8YO0  000°0ST  €S9100°0 87
MEund A PIS A U A PIS TAH UM AR PIS TAF UMY AR IS AF UD A PIS AT Und A PIS  AF und A9 PIS
09D VoM ogIL SOS VoI OMD vd

SWIIOS[E ONSLINOYELIOW JARUIAY  "OU Un

(ponunuoo) g s|qey

pringer

As



S.Talatahari, M. Azizi

000°0ST SI—APL'S  000°0SI L¥OZOO'0 000°0ST SI—HSL'S 000°0SI SI—HLLS 000°0ST SI—H6L'S 000°0ST 8€8100°0  000°0SI 80—HLO'I 64
L8'€9TTT 0 000°0ST S90T000  ITI‘IE 0  TSTYHY 0  000°0ST SO—HLI'S 000°0SI 90—HTST  000°0ST 6020000 B
SS9°0LEL 0 SS6I°1¥I 01—HEST 1€19 0 9971 0 Y0°€08°LE 0 000°0ST 60—dS¥'8  000°0SI SO—HTT'I 104

1€1vLe 0 S'6S16 0 6l6¢ 0 969 0 PEL'TP9E 0 S8LCI 0 000°0ST STS89'61 |
6860°L8L 91—-dSE'E SvI8 9I—dSee G20l 91-dseEe C¢8El 9I—HSE'C 9¥86'€09 91—-HSE'E 8L9 91-HSE'E 89TO6L'SY 9I—HSEE 681
8¥0°81ST 81—HL6'9 10T 81—HL69 6CLT 81—HdL69 00€C 8I—HL6'9 €6£9191 81—HL6'O SL98 S8I-HL6O  8LPPI 90—HLO'I 881
S00L'LEY VI—HS8TY 806 vI-H8CY 6001 vI—HSCTY 0€IT ¥I—d8CHY SI88'869 VI—HSCTY 0l¥ ¥I—H8TF% 000°0SI ThP0EST R
LESITEN 0 €€0'I¥I SO—HI9E L086 0 vrI'6l 0 SPLSSET 60—H96 S€66'6VI 80—HIP'6  000°0ST 98°6TLO0V %4
81°679°1C 0 000°0ST 8€£S910°0 €080l 0 8S6'1T 0 906701 T1I-H099 0000SI SO—H00C 000°0SI 60+H96'I d
1617°966C 0 €LSS 0 olcy 0 [4%:14 0 SIE8I9T 0 LTI 0 000°0ST  60S€00°0 e
1T08S'6L ¥611000 666871  98€0000  TSSLT L8SO00'0  920°66 60TI000  SS'LY9T ¥I—HLOT  000°0ST ILE1000  000°0ST 80—HSEV |
Y68°CLLY 0 ¢§TsIee 0 0209 0 0c0L 0 9¥S'66CS 0 S'LI8I 0 000°0ST SO—HIEE B
650°CCSY 0 626'1C 0 06€9 0 90¥L 0 I'vLOS 0 7981 0 000°0ST SO—HSSY 18

9€cTee YI—HII'T SISO9YT 60—HT6'9 9¢0€ YI—dII'l 8659 YI—HII'T LI99LET +I—HI9I'T  000°0ST 60—H9E9  000°0ST 80—HSY'E 081
8T'8TLSE I'0 000°0ST TOLET9'0  810°9C 0  88¥'6E SSLSTI'O SSSEL'El  €898€T°0  000°0ST  6ITIIL'0  000°0ST  8L9TYI'0 it

000°0ST ~ LEEEO'0  000°0ST  1L8060°0 000°0ST €62000°0 000°0ST SI—HLLT 0000ST  LLOIT'0O  000°0ST SI9LOI'0  000°0ST  90¥LTO0O 8
6C6'S€08 0 SIS'89 80—HS6'C SeELY 0 008% 0 $96°0¥¢C 0 SL8¥TE 60—HP6Y  000°0ST LO—HSO9 Ly
€S9€9°LT SI—H6L'T SEI8'8S 8€88000  8T6HEl SI—H6L'I 996°ST SI—H6L'T 698VL°09 €996000 STYL'SL LTL6000  000°0ST SO—HI9T e
LIT9SY6 SI—HLSE $970°80T 90—HIY'I €60¥ SI-HLS'E 8566 SI—HLS'E T16€T9S1 SI-HLSE S$L666VI 90—HITT  000°0ST TET000°0 |

65°€€06 ¥1—d98°C €6LS ¥1—HI98'C SESE ¥I—HI98'C ¥LO8 PI—H98'C TLI6GOIT ¥I—H98'T S$T88'8YI €Tr000'0 TELO'SYT SO—HST'L et

000°0ST ¥I-HZI'¥  000°0ST LO—HSI'8 000°0ST ¥I—HII'¥ 000°0SI vI—H6It  T8Y'I91 SI-HLSE  000°0SI 90—HETT  000°0ST SO—HLEL it
LOT'0688 0  000°0ST TYT€L9T €06°€l  €TIOLSL  TLETI 0 980€L°69 0 000°0ST 90—dS¥'T  000°0ST SIT8FEL &t
18°686°01 0  000°0ST 8T¥¥10°0 9906 0 9St'eT 0 958Z€'16 80—HC8T  000°0SI SO—H8EH  000°0ST ¥SS6E10 g
agung  CA@pPIS A Un A CPIS [AH U A PIS [AH U CASO PIS A UR] AS@ PIS A Un A9 PIS [AF Und A9 'PIS

0DO vOom Oq1L SOS VoI OomdD vd

SWIIOS[E ONSLINOYELIOW JARUIAY  "OU Un

(ponunuoo) g s|qey

pringer

A s



Chaos Game Optimization: a novel metaheuristic algorithm

T0L'STES ¥I-AY9  6VSOE VI-ACK'9 9685 PI-HEY9  8SOL YI—ALK'9 6ITHEIE PI-ALK9 SPPS'6FT PI-ASH9  000°0SI €TrI000  °'d
9'I8S°0CT  SOVE00'0  LPL'SPT 189€000  1€9°16 662000 OISK'TI  SEOS000 9YS'LIST 9T—HAL6'S S'S09'SET  L9TSO00 +TOV'LIT 6282000  ''d
9¥8'70S6 0 0000ST LO—ALY'T L6801 0  S9¥LI 0 L'6VEPIT €1-AP6'S  0000ST 90—APL'E  000°0ST 891,250 '''A
VLTST'6S  6VI8SO0  S'8S0°L6 6VE6IT0  9TS'ST  680IT00  969°TL 99¥6S0°0  €10HTE6 9LPETO0 STTH6FT  TIELIOO €9PT'601 666100 '
L'LOS'6VT 62000 000°0ST  #09820°0  000°0ST S8TTOO'0  000'0ST 80LIOO0  000'0ST LEPLOO'0  000°0ST $9TTOO0  000°0ST  62LI000 '
9CLPI'19 6780200 S'SLS'LTI 18LT8T'0  TT6'SP STSOTO0  $8S°TT F6LSTO0 $'STEOIT 68T6SI0 S'6967TOT  18T9L00 LES'SSTL 90-H90L A
SCEPH6L  86YSTO0 S96LOVI  LE6TT  €16'T8 8987900 8S6'98 SISII00 ITIPITT TI-ALE'T  000°0ST SPOVO'SE  000°0ST Lp00s6T  O''d
8019'8PT  LIEOSL'Y  000'0ST  66L°918E  000°0ST SLI6Y'IE  000°0ST 9YSOV'ST 60°TEL'LT  66TLLOI  000°0ST  80'9v9T  000°0ST +EELI'TS g
T'0THT'ET $SS9000  000°0ST 1926000 000'0ST TIELO0'0  000°0ST +ISYO0'0  000°0ST +8LPOO'0  000°0ST 769000  000°0ST 8S89000  ¥'d
16TST'8T  S99SHE'T  T8K'98  1T609L°0 12601 vT6EP8'0  98T°%I  €T609L°0 LS TYT'6C HOSTIFT  000°0ST  6LPT6'0  000°0ST  TSLKOO0 '
$'8ELYT  €9E8IT'T  POP'6v  TTSIES'O  OST'TI  I88LPL'O  OVI'ST I8SLPL'O LY'SOI'EC 6L6SSOT S'SL6'GPT  88LVL'O  000°0ST  16v000 4
000'0ST  669T1T°T  000°0ST SO—ATTT 000°0ST 810000 000°0ST 12006ET  000°0ST €TSLPST — 000°0ST SHEILT  0000ST  SLzeoT O
9VTT 6SH 0  SsIsT 0  Tol 0 8091 0 8T9ETS8 €1-AET $p08 0 THEOPIL 0o g
STISTH  TOL0000  000°0ST  STEO00'0  PEE'ES 90—HEY'S  8S9'6E 61—ACYT  OLS'6YI PETO000  LSY'LKT 8S8LO00  000°0ST TTI0000 4
LEG'TIT OI-ALY'T ST66'6CT OI—ACE9  vOI'PL OI-HOLT TLI'60T OI—ASST YEL'LYI 60—HEE'E SP60°COI OI-HE6'l LT6T6IT T1-AI8S g
#'8000'TT 80-ASOY  000°0ST LY'SS6'IT  €SE°LL LO—APL'6 STI'SOT $SL9SI'O €TITSOI T1-API'T  000°0ST  890°SL  000°0ST +06ET18  'O'd
765°60vE 0 S860°€T 0  S6LE 0  ose 0 989°LItL 0  SS6LI 0 0000ST §99ITTL ™'
£5°007°Tk 0 0000ST SIL9PE'6  EIS'ES  9L9€0  TL6'SS 0  0000ST 6SSVISO  000°0ST €L9SSTT  000'0ST TELLEOD 66,1
T6'812°9C 0 0000ST €THFIO0  950°ST 0  bLSTY 0  000°0ST LTL6000  000'0ST ~ LOLOO'0  0000ST SO—H6S'6 S04
69EET°0S 0 01 0 101 0 00T 0 9¥L90LE 0 SsT 0 89T'6T8T 0 tog
9€PLOOY 0 S8E6'TTT LO—ASTY  Th6+T 0  886°€L 0T—ASE9  80TTLLI 0  TES'8PT 90—ALT6  000°0ST LO—H6T9 %01
000'0ST LI—ASOT  000°0ST SI—HIE9 000°0ST LI-ASOT 000°0ST LI-HSO'T  000°0ST SO—A8S9  0000ST TI-AYO'T  000°0ST SI—HS0'9 o1
89°€00°0L 0 TIETPD SO-HOST  909°09 €I-H6S'S STH6ET LO—A90T vH'SSS'LL SO—AOK'E  000°0ST 80—HLS9  000°0ST SO-APH'S 704
AFUNg A PIS A UNG A PIS AE UND ARQPIS AR N ARQPIS A URG  AS PIS  TAE UDJ A PIS  IAF UM A9 PIS
090 VoM og1L Sos VoI 0MD \Z!

SWIIOS[E ONSLINOYELIOW JARUIAY  "OU Un

(ponunuoo) g s|qey

pringer

As



S.Talatahari, M. Azizi

90—d6+'S  000°0ST TILSIT'OF  000°0ST  SOSO'OLI Ly

¥0°LT8'CE TI—H61'T ¥L0°96 CTI—H89'I

‘A PIS A Ung A PIS Ag Ung A9 PIS

VoI OomdD vd

SWTIOS[E ONSLINOYLIOW JANRUIY  "OU UNJ

(ponunuod) 9 sjqer

pringer

Qs



a novel metaheuristic algorithm

imization

Chaos Game Opt

[A0aNa 0 ¥S6YTIV S6LV66'LE  90—d8S9  TI—H68'l 0 0 0 0 9TI'L6SL IvTyevIE 11+ApL'€ 11+dTL9T g
$€2000°0 0 0 0 T€09°€l 0 0 0 €SH6816  S60ETLYS 0 0 LESY'SST TTIYYTIL @ig
0 0 0 0 0 0 0 0 0 0 0 0 80-HSTT 60-H6E'T g
0 0 0 0 0 0 0 0 SO-ALIT 80-A¥ST 0 0 SLL89'LT +TSEOI'61 orlg
0 0 60—HITL 0 80-d0L'S 0 0 0  8LSSPO'0  YOSLETO'O  90—H9EE  I1-HEST  SLVSE6'6  Phb6EST otlg
0 0 0 0 0 0 0 0 LLTSIL9 1€Y9°TTHI 0 0 ¥SP'S6ES  TOv6 EOvh 8elq
1TLOVLO 0 LTEO00 0 L60L901 TLELLOS'S  TISK9'S STTELOOV'9  9ITEITI  LISHE90I  €09TSLL  600€09Y'8  €EITI'El  [9¥90L'T1 tlg
0 0 0 0 SI-926'6 0 S0—d80C 0 0 0 TI-dI01 0 L0-9S6'8  LO—H69T g
STI+AST'6 STI+AST'6 STIH+AST6 STI+AST6 STIHAST6  STIHAST'6 STI+AST6 STIHAST6 STIH+AST6 STIHAST6 STIHAST6  STI+AST6 STI+AST6 STI+AST6 |
4 4 4 4 z 4 4 4 4 T SLOTIPI  98T88LOT  PESTOT  +0610°T relg
4 4 4 4 z 4 4 4 4 T 86CLEIT  €890090T  168YT0°T 969£610°T R
861€T€°0 0  6I8LT0°0 STL9O0D'0  PEOS9TT  8L699T90  TLSE6S0  S9SO6LI'0  S68000°0 0  €SLPSTT  LY6TSY'l  THE099'T  LSLIES'] g
LSTH9Or — 67— 6v— 6V— 9SHI1'6T— SL6EY'SE— HOYYT Sh— 6v— LV996'LT— LLLLETE— 68SSY'8y— 6v— 9STEO0I— €6LYSEl— 1€l
0 0 0 0 0 0 0 0 6LO'LYS'6 €6'6EL°EE9 0 0 SI+dELS  SI+H6TT 0¢lg
0 0 0 0 0 0 0 0 0 0 0 0 SS891'T8  €8EISHST elq
0 0 T9L0000 0 0 0 0 0  €20220°0 0 Y0£000°0 0 ILEICTI €OELEYT6 8tlg
- - - - - - - - - - - 1= 8996660~ ¥7L666°0— R |
9600L6'0— 1= SS60660— 1496660~ vT—HC0'I— €T—HIY'E— 6510560~ - 6£0— I— TI-d€0T— OI-d€0T— 8ILIO0— T9680T0— g
£99999°0 29999990 199990  6999999°0  £99999°0  £999999°0  L£99999°0 L999999°0  LTO6YE'E L999999°0  £99999°0  £999999°0  966£06F 6610679T selg
T61868°0— TTSI060— 6SSEV6'0—  L666660— E€EL966'0— I— €789160— T8TL60— 1- I— 668760~ STL666'0— SEEL66'0— 8T9666°0— g
S6S0F8'0— 610680~ 6£L8S8°0— 6586660~ 199868°0— 6886660~ Y98T880— SPIC6'0— ELPL660— I— 7660160~ TOL666'0— L8S066'0— HTPE66'0— g
0 0 0 0 0 0 0 0 0 0 0 0 TII-9IT'T TI-ALTE wig
0 0 0 0 0 0 0 0 0 0 0 0 60+dTL1 60+dLS0T L
0 0 0 0 0 0 0 0 0 0 0 0 6600500 £1809€0°0 0l
0 0 0 0 0 0 0 0 LO—dIT'] 0 L0-dSI'T 0 66S9YS8  6IVEETY'S orlg
0 0 0 0 PLVOTYO 0 0 0 80—dcI'l [1-3+0'S 0 0 $9505°0T SETISE0T 8tig
UBSJN  WNWIUTA UBQ[N  WINWIUTA UBQ[N  WNWIUIA UBSJN  WINWIUIA UBJN  WNWIUTA UBQlN  WINWIUTA UBQJN  WNUWIUIA
09D VOM og1L SOS VoI OMD vd

SWYIIIOS[E JNSLINOYRIOUW JANBUIN[Y  "OU Unj

SONSLINOYERIOW JUSISYIP I0J SUONOUNJ [BONRWAYIRW (J()S Y JO SON[EA UBSW PUB WNWIUIW 3y, / d|qeL

pringer

As



i, M. Azizi

S.Talatahar

8LTE6'LE  LETISTOT  IPEIY'9L  TSI99SH'S — TOSITIE  9TLISE61  SOSLEEL TS6TTL'EL  10HITY'I I TISSS'ES LSOLI6TE  €€ST00°E 6°0SETSHT Olg

0 0 0 0 0 0 0 0  TSESE99  889LEITT 0 0 $S89€8°€  6IT10LED Plq

1'10€°81 — L1'886'1C— 61'616°CI— 11'976'81— STEVTTT— TSI'ES8T— 6T9P80E— YTOSLYP—  SL'OLLYI TTSLI'SI— SESI'SPE— SPL'OYOI— TSTOSS'EY SLLVSL'EH g

LOE'LE6T — 90E€'8S61— E€SH6V6I—  €8S61— 6960691 — Iv69I8T— PTS6Y6I—  €8S61— 6TI'LLII— IESTLLI— S0TEPPI— 6TS8LIT— I¥I'OLLI— €0'LISI— |

0 0 0 0 0 0 0 0 0 0 0 0 SEESEST  PO0LYHIT ©lg

L30T’ 0 $9599¢°0 0 €LVSITO P6TPLSO0  IYPLIO0 TSS0000  +9LSO'El  SEOLSI'OL  60SPLO'0  SOEPTO00  SIEETLT  19S9LO0T ©lg

SLe— SLT— SLT— SLT— TUT— SLt—  ELTLT— SLT— SLt— Slz—  sllsg— vsT— 6'€LT— SLT— 191

0 0 0 0 0 0 L0°0 0 0 0 100 0  S8980°T+ TT6°1€ R |

0 0 0 0 0 0 0 0 0 0 0 0 TSEPFIY 95+°0€ 1q

0 0 0 0 0 0 0 0 0 0 0 0 189L01 186 81q

0 0 0 0 0 0 0 0 0 0 0 0 9SI8LO'0  10¥0¥SO'0 b

€566°09C— SE61°68T— €619°60P— LT86'SIv— LETI9ST— 8E69H0E— L68YOIE—  68SH8E— LSIL'60E— SEI1008€— 9879181 — 9LPTIET— POOL'EEI— 11957951 — |

60—HEIT  11-92CC  Y06L6Y  PSTLYOO'0  SOLLIO0  601Y€000  9FI000 LO—API'6 110000 SO—HEEY  9TLLY'El  S9SILLS9  189€LST TIGLEEST g

0 0 0 0 0 0 0 0 0 0 0 0 $SS86L'L 8LTZ6SE0D |

0 0 0 0 0 0 0 0 OI-dIl'l TI-H087T 0 0 9S+d79°€  1S+HASST g

0 0 120TL¥y  80—dI89 0 0 0 0  PPEI09T  6V8LOLET 0 0 ¥8S95°€8  8TSEIS'IL “lg

0 0 0 0 0 0 0 0 11-9sS'T 0 0 0 T€0'9601 IIIYI'6L6 S

01-9€v'9  TI-HSE6  €6990T°S  90LSHO0'0  SISTTO'0  S89LIO00 8010000 LO—H9P'S SO—H6I'S SO—HAT6'T  E€LETY'El  8S9E8YE'S  LTLSLY'T €TTEI6L'T 0Ty

11-3¥9°6 0 0 0 90-d591 0 90—dI8€ [1-9+96 0 0 80-d6£t TI-AIOT SO-APST I1-HSES orlg

0 0 0 0 0 0 0 0 0 0 0 0 LTHATSS  LTHH6TT R |

0 0 0 0 0 0 0 0 0 0 0 0 S0+AIT'T €LOOLL'ES g

626550°0 0  TS8STI'0 0 TSP8PI'0  €EL8660'0  €L8660°0 EEL8660°0  0089TT €EL8668°0  SIVOSI0  €EL8660°0  €S861°1T 6LYOII'SI g

YOPI0'9E  SEE006'6T  TSYIOSH  YOSS66'YF  19SKL'OF  TPLOSS'9E  T6SSFOE  8I6991°ECE  606S6E1  LLOSOYTT — SOVSSOF  $9968FF  SSPFOST  +E'E8H 896 g

1€2691°0  80—H8T'6  988T6'Cl  6TTSLIST  TOE6SLO0  90—HT8T  LYLEO'D 60—HASTE 11-HOT'1 0  LETTELE TSOLOT'9L  9TO0ST  6I8I1°9IT g
UBOJN  WNWIUTA UBQJN  WNWIULA UBQlN  WNWIUIA UBdlN  WNWIUIA UBOJN  WNWIUTA UBOlN  WINWIUIA UBQJN  WNUWIUIA
090 VOM og1L SOS VoI OMD vd

SWYILIOS[E JNSLINOYRIOW JANBUINY  "OU Unj

(ponunuod) £ sjqer

pringer

Qs



Chaos Game Optimization: a novel metaheuristic algorithm

0 0 99VI'PES  LLT6S'88S 0 0 0 0  80SE8TS  PIF9O'L 0 0 T9E0V'66  LTHLSO'EH stg

7080000  SO—AY6'E  TSLOOO'O  90—HKT1 #90000  SO—d60'T  1LS0000 90—dT0°€ 990000 SO—HIOT 6290000 LO—HO0'L  ¥ILO000 LO—HSO'6 g

L8S9L9°0— - wo— I— €C-°81'T €€-H81 €E-AYOY 9v—A6ET 9€—H90'l  vy—A9ST vr—dAIL'E  ST—ALOT 1T-H9S  1T-H80t tg

90—4arE'E 0 LI+APLY 0 S0-dL0F¥ 11-av81 80-dSLY 0 SI+I96'T 96'TLLOSE  90—HTIEL TI-ASY'T  ¥I¥698°C 11750000 g

0 0 0 0 0 0 0 0 0 0 €I-FhLT 0 #1-968'8 0 1y

0 0 0 0 0 0 0 0 0 0 0 0 0 0 Oty

166L91°0— - T0— - 0 0 0 0 0 0 LIT-H9L9 0 0 0 b

LLOVLO0 0 0 0 €8ELLIO 10SL0°0 0 0 9v00T0  YTLOVI'O 0 0 1986€0  19681€0 |
UBOJN  WNWIUTA UBQJN  WNWIULA UBQlN  WNWIUIA UBdlN  WNWIUIA UBOJN  WNWIUTA UBOlN  WINWIUIA UBQJN  WNUWIUIA
090 VOM og1L SOS VoI OMD vd

SWYILIOS[E JNSLINOYRIOW JANBUINY  "OU Unj

(ponunuod) £ sjqer

pringer

As



i, M. Azizi

S.Talatahar

LTSIV TIOP6ST9  000°0ST  IEISSEEE  000°0ST  SO-HLS'E  TTS'H6 0 1'6LT011 0 000°0SI  6901'S8TCT  000°0ST  OI+HISL'E g
9P'T6°9E  LISETO00  S'S6S°LT 0 68LLOT  1SS66TII  8pS9I 0  0000ST  ¥8T8I'SI 689°C1 0 00000SI  €TE9E8SI wig
98¢ ¥SL9 0 €6vS 0 098C 0 9L5¢ 0 YO09LTI 0 S9LLT 0 000081 60—16£°6 g
6€¥SL'SI 0 S1€9'9 0 8096 0 TS 0  0000SI  90—HTYL 79891 0 00000SI  ILVWOOLT'E orlg
6£'955°6T 0 $990°8S  80-IAPS'S  TLSLEl  LO-H9ST  0€TYI 0  000°0ST 69000100  000°0SI ~ 90—H80'S  000°0ST  8S8LETST otlg
857€0°CT 0 $65'8T 0 98I 0 TILYI 0  0000ST  916v'68TC  €8F°TI 0 00000ST  SOT9ETI¥ 8elq
L6'L81°T8  P86SLTET  €6£0El  SHTITIO0  000°0ST  8PSHP98'0  000°0SI  SISO980°'T  000°0ST  S60TEYS0  000°0SI  PLEVOIY'T  000°0ST  TLITSSHO Ll
16€9°55T 0 $'85T 0 8SvL  ¥I-AT6'6  TS0'0T  80TO00°0 L¥LVTYT 0 SepL'6vl  TI-AEI'T  000°0SI L0—4LET |
000°0ST  PII+AILT  000°0ST  IT+HITT  000°0ST  €II+HEL'L  000°0ST  SIT+HELL  000°0ST  €II+HEL'L  000°0SI  E€IT+IELL  000°0ST  €1I+AEL'L sty
1,882l 0 S661 0 8L0°SS 0 899y 0 LS6IOVL 0 000°0ST  6LIS'SK6L  000°0ST  88LTTOO0 g
1LS8TYI 0 S'L61 0 TUY'LS 0 8v6Ty 0 €80°€8EL 0 0000SI  90TI'SLyy  000°0ST  LISTTOO0 S|
9'6EC6YT 85686510 000°0ST  66T0090°0  000°0ST  ¥EIS99T'0  000°0ST  +9vE60TO TH8S‘6IT  8TS68000  000°0SI  €I6L10E0  000°0ST  6¥68SE0 g
9'ETHIET  T1€L8091°L  TTY'LT 0 000°0ST  960EEYTE  T66'99  9I¥T6I6L  000°0ST  1€E90VET  OSH'LT  SIOIS6'T  000°0ST  SEIPELTT 1€y
Yy LLY'EE 0 0S8 0 9LL9I 0 9981¢ 0 000°0ST  9IH'SSS'ST 1L0°61 0 000081 81+dYTT 0¢lg
6£°559°01 0 $89°11 0 18SS 0 0S€L 0 8€9¥8°0S 0 $'86TL 0 0000ST  SHEEIEIT 6l
€V'TL6'ST 0 L090E  9YILE0DD 6L16 0 9L6TI 0 1'Th9'vTl  THI69T0'0  TSL'TI  898€200°0  000°0ST  SITTTEGO 8tlg
YT 961 0 S9€'8l 0 9EL 0 9696 0 TESESS 0 vI6L 0 000081 SO-dENE g
T'LTSLOT  66680L1°0  000°0ST  TTPSKOO'0  000°0ST  +C—HAYS'S  0TOSOL  SPPESITO 6'8SOYET  1L0T06V°0  000°0ST  [I=HELO'T  000°0ST 11620500 g
000°0ST  SI-d6¥'1  000°0ST  90—HdIF'S  000°0SI  TI—APF1  0000SI  SI—HE9Y  000°0SI  6T69€6L°T  0000SI  LO—HFLT  000°0ST  €6069°T01 |
000°0ST  STL6SIO0  000°0ST  +OTY8SO'0  L69'6YI 89068000  000°0ST  SEYIPTO'0  €8L6IHH 0 000°0ST 9009900  000°0ST  T6¥LSO0'0 g
000°0ST  SIL8810°0  000°0SI  €0SITLO0  000°0ST  S6L6L60°0  000°0ST  TI1T9I00  8'9SS°€9  €8IS910°0  000°0SI  SE9S690°0  000°0ST  THIT100°0 ey
S0°020S 0 SE60Y 0 1182 0 9pLE 0 €TY6r'ST 0 $'88TY 0 000°0ST TI-FSSS @iy
18°€TSTI 0 198°C1 0 15%9 0 8078 0 T9EYTor 0 $8969 0 000°0ST  LI8SSY€0E ey
8L°018ST 0 SI91'IT 0 6£€8 0 06901 0 1SSH8'L9 0 $9088 0 000°0SI  290SS00°0 0elg
99°€91'€E 0 ST9e'eE 0 €686l 0 8g£0T 0 S$'886'6YI  LO—H90L SPSHLI  90—HSI'T  000°0ST 99116051 oty
SY180°v 0 65€'6E 0 6TL'EE  €TESLLTT  OIT'IT 0  0000SI  80—H9TL  68SCI 0 00000SI  THTTOSO0 silg
Mgund A PIS CMEUNd A PIS CAE U A PIS CAgung A PIS A UR A PIS CAF UMY A PIS  [AF uny ‘Ad PIS
09D VOM og1L SOS VoI OMD vd
mEr_uCowE JNSLINaYejall JATIRUIdY ‘ou ung

suonOUNJ [RONBWAIRW (J()G 10] (‘[AF "un) SUONBN[BAD UOTIOUNJ JO UBSW PUB (‘Ad(] "PIS) UONRIAID pIepuels oy, 8 d|qel

pringer

Qs



a novel metaheuristic algorithm

imization

Chaos Game Opt

000°0ST 69120  000°0ST  T190€£88'9€  000°0ST  LSOTTI'S  000°0ST  69SILS'ST 9THT'SPT  LE9L6SY'T  000'0ST  606LTE6'6  000'0ST  98'SET°E0T vy
YOLSOEL 0 S6LI 0 vSLT 0 096 0  0000ST  6I6VP8'Sy  SPILL 0 0000ST  99€€T0T'E 1
000°0ST  SHFS'S6ST  000°0ST  LG6TTIET  000°0ST  GEPSSTIZ  000°0ST  €199€°06S  000°0ST  LLETYY'6I  000'0ST  POSSEHST  000'0ST  §TOTTES'9 |
CYIL'SPT  LSOTLTEE  68T6El  €1TOG0CE  000°0ST  ILLI'6Y  TOL'SST  9¥9SLSOT  000°0ST  1SOSTE'S  000°0ST  SS9ITI'T8  000°0ST  SSGTIT'SH Wiy
S8°0PE'ST 0 698°9C 0 €656 0 Tl 0 60°€LF08 0 $6986 0 0000ST  TSGVET'ST |
VLLEOTT  GISI669'T  S'8S9°T6  9861€C0'T  000'0ST  9€S6099°0  000°0ST  9LIEOTO0  000'0ST  PHTOIST'T  000°0ST  SEL990v'0  000°0ST  TS9EEILT g
T8°LT16 0 SH0T 0 €65'601  LTTIEG'S  SOCTYT  LYT6OK'T €C0SSOT 0 000°0ST  9LSLOYT6 T'S6I'GHI 9SESHL'0 o1g
$8°0¥8°9C 0 056S 0 TSOVS  PLIETOVO  998°TE  YISHISTO SO'LES'TH 0 €LL0T 10 0000ST  6800°LYSE R
1629108 0 STuE 0 9L8C 0 069¢ 0 YTSTL6E 0 $09¢ 0 0000ST  LLVS'LSSE R
65SL°€0SY 0 YLy 0 60ST 0 v61¢ 0 L60T0°IT 0 ST08T 0 0000ST  8EL68S'6S 81
1459199 0 9L 0 798¢ 0 0g6 0 I¥'L08%T 0 S'8109 0 0000ST  ZS8G0I00 Ly
000°0ST  LOTIGIT'TT  000°0ST  9ISE6TTIT  000°0ST  +LSIP8'0T  000°0ST  6STEOI'ST  000°0ST  GVESESHT  000°0ST  SSOL96'9T  000'0ST  T8Y0O69EQ 1
000°0ST  60—H89'C  000°0ST  8IL96SE'S  000°0ST  +S99SLTO  000°0ST  €SL8TT00  000°0ST  SO—HOV'H  000°0ST  SLE609L'T  000'0ST  €88TS0E0 |
76'L995 0 $80IS 0 1+0€ 0 9801 0 9VLLETE 0 ates 0 0000ST  ¥IEL6OV'S iy
LI'89L'6€ 0 S8ITSE 0 1878l 0 8Is'ET 0 00001  OI-ASOE  T6T'ST 0 0000ST  9S+ALT'6 elg
17'699°TH 0 000°0ST  S98961'vE  69+0C 0 Y09°'LT 0 0000ST  9SIPPELO  ShP'ST 0 0000ST  LSEILVLY |
€9°€56°SE 0 ST8TSE 0 9I8LI 0 916 0 1989'8F1  T1-H6T8  980°ST 0 000°0ST £880€°9% L
000°0ST  60—d8Y'T  000°0ST  SSOPP89'S  000°0ST  LETEHPO'0  000°0ST 890000  000°0ST  SO—HZIT  000'0ST  6OSYTHL'T  000°0ST 7669970 oty
€0010°98  0I—aA¥ST SHP6'801 0  OP8'SPT  90-aAKEE  000'0ST  90—HAS99  IL'8STI 0 0000ST  LO0—ATI'T  000°0ST  SO—HSS'L o1
TH9'9S9L 0 LSS 0 €Y 0 0ges 0 6v'69LST 0 865 0 0000ST  LTH+ATLT g%
S8'0PETI 0 91591 0 SLE9 0 86€8 0 £6'S£T°09 0  SSLIS 0 0000ST  9L96SE'ST g
§709'9Z1  9ST86V0'0 SITETYT  PPTSKIO'0  000'0ST  €ISS6Y0'0  000°0ST  OT—a¥SH  000°0ST  €SLETSTO 000°0ST  6666¥0°0  000°0ST  90TOTTS0 g
000°0ST  €FI6GSY'T  000°0ST  T€9T¥9T0  000°0ST  69SISEO'T  000°0ST  €L8S66Y'T  000°0ST  +66vY'STT  000°0ST  TEIE8SS'0  000'0ST  L'¥86°SER g
000°0ST  S9IS6Y'T  000°0ST  €VSLTYY'L  000°0ST  +LVOILY'O  000°0ST  LOST69T'0 T'0vS'6PT  TI-AP6'T  000°0ST  +OPEIPS'6  000°0ST  690PTOET g
NHUT AAPIS AT UNg A PIS AFUNd A PIS M UNd A PIS  AFUNd A PIS TAFUng Add PIS  TAg ung A PIS
090 VoM Of'1L SOS VoI OMD v

SWyIHIOS[ ONSLINOYLIOW SANBUIAY  “OU Ung

(ponunuod) g sjqer

pringer

As



i, M. Azizi

S.Talatahar

YLV SIT 0 0000SI  6VS9ESHT 696911 0 86666 0 000°0SI  STIL9SI'S  S6V'8T 0 0000SI  66V8¥6'1C stg
000°0ST  1S08000°0  000°0SI  8I€8000°0  000°0ST ~ €1T9000°0  000°0SI  8TOSO00'0  000°0ST 18590000  000°0SI 98650000  000°0ST  T6LI000'O Mg
TEPLLET  Y6611LTO  LEYPTI  TEEEOIP'O  000°0ST  TT-ALLT  000°0ST  TE—AI0OF  000°0ST  9€—ASEL  000°0ST  €C—-H60°T  000°0SI Te—4ALT9 flg
LOSTLYT  90—HSL6  00I'OvI  SI+HAF9Y  000°0SI  80—H90'6  866°I¥I  LO—HLTT  000°0ST  9I+HE6'T  000°0ST  SO—HETT  000°0ST 81€€6°01 dig
€EIESTI 0 S€01 0 161 0 085C 0 6ILEIT 0 $901°9S  TI-HEYT  6€hL96  €1-H89E e
€e1esTl 0 0S 0 001 0 00T 0 TT6TV'TS 0 0S 0 TIS6ITI 0 0Lty
9°LE0'6ET  E€SLSELED  991°8TI  TEEEOIFO  000°0ST 0 000°0SI 0 000°0SI 0 000°0SI 0 000081 0 lg
Y'6SL8ET  T119VLS00  STETTT 0 000°0SI  88F9EVO0  +OE9T 0  0000SI  TI6TTO0  €T0CI 0 00000ST  99FEIE00 |
Mg A PIS g und A PIS CAFUnd A PIS CAgung A PIS A UM A PIS  CAZ UM A PIS  [AF uny ‘Ad PIS
09D VOM og1L SOS VoI OMD vd
SWY)LIOS[B JNSLINAYRIOW JANBUI)[Y  "OU Ung

(ponunuod) g sjqer

pringer

Qs



a novel metaheuristic algorithm

imization

Chaos Game Opt

LOV'0S9Y  689800°0 LTLEE'ET  €€9°9T0E  SE9°9S01  9EETYI'T  SPPPS€T  9LE0000 90—HSTT LO—HLST 6'8S9ITI  €TIC08  11+d8988  11+HL9S9 102g
0 0 0 0  E£PEPSO0 0 0 0 S8S6T9F  LLSSHST 0 0 vPI08019  €1680°7TTS 002
0 0 0 0 0 0 0 0 0 0 0 0 L0-H0ST 80—HEL'E 6614
0 0 0 0 0 0 0 0 6020000 90—dILT 0 0 THLYILY  SIVIFHST |
0 0 0 0 0 0 0 0 TP0S99'0  TTSIEECO 90—d89T OI-T68E€  6S090°90T 7809°L11 Lolg
0 0 0 0 0 0 0 0 IST6L0S — SSELSE 0 0 PTEEOI0S  6ITYSITH %1q
£66TH0'1 0 PELVIOO 0  6SKOYT  YLYIEOT  TOL6STT  FISL'LI YOSTE  6LSTO6T  9SS6ETY  9PTOTIT  TY68TEOE  TISLOG'LT solq
0 0 0 0 80-9z6'1 0 L0-A¥9'6 0 0 0 0 0  so-doze  SOo-dAIl'l volg
0 0 0 0 0 0 0 0 0 0 0 0 0 0 o1y
4 4 z 4 4 z 4 4 4 T 0THASYY  TIOSL6TI  €6ISLITT  $LTTSOI'T ®lg
4 4 4 4 4 z 4 4 4 T TTHASOT  v'8e8TT  19TT9IIT  L6TTR60°T folg
6LLE6T'T  SOEPLO'T  LP60I0 ¥8I00  OITIL'S  TSLIET VSS8STE  €79696'1  LLEISLL  SL8I0'6]  9TSEEI'9  69S0SE'S  YSPSTOH'LS  96LESE'SE 061 g
EV6' 18— 66— TL99'86— 66— 9T9LIS—  1LST9— PS6I'S8— 66— PPLSSE— P0SSTv—  L8T86— 66—  80V89°01—  69TEHSI— 81
0 0 0 0 0 0 0 0 ITHA9LT SI+AVTS 0 0 PE+ELOT €E+ASST 881
0 0 0 0 0 0 0 0 0 0 0 0 tP6E69El L16°8509 Bl
0 0 £65000°0 0 0 0 0 0 €£L800°0 0 LOT0000 0 SIIS9L'SE  86STSEHE |
- - - - - - - - - - - I- 1168660~  S91966°0— Sy
0 0 S0856'0— TSI66°0— 0 0 0 0 0 0 0 0 0 0 g
£99999°0  £99999°0  £9999°0  L99999°0  £99999°0  £99999°0  £99999°0  £99999°0  99LVLYT  YTTIEST  L99999°0  L99999°0  I£0°S88'SS  9S1°006'6T Blg
L8YPLO— LTE6LO—  LSEE60— I— 869L60— €66660— 8ETES0— T1966°0— 1- I— 8I16060— ¥S986'0—  T8066'0—  €IEL660— slg
961TL0— LLYOLO—  ¥TT80— 166660— 10S080— S61L60— THLIL'O— €0808°0— 6876670~ I— LTSS$0—  L6160—  9IE0S60—  885960— 181
0 0 0 0 0 0 0 0 0 0 0 0  S0-d0TE  90-HOI'9 081
0 0 0 0 0 0 0 0 0 0 0 0 0I+d98TC 01+48L1 oLty
0 0 0 0 0 0 0 0 €I-avee 0 0 0 898Y089°0  ¥ILTLLYO 8Ll
0 0 0 0 0 0 0 0 1088200  ISLTOO0  LO—HISY 0 TELO0I'P9  €9SSOF0S tig
0 0 0 0 LI9EHI'] 0 0 0 SOTIETI  SI9IEP'T 0 0  9¥88IL0T  $09985°0C Llg
UBQJN  WINWIUIA UBQJN  WINWIUTA UBQJN  WINUWIUTA UBQJN  WNWIUTIA UBJN  WINUWIUIA UBQJN  WINWIUTIA UBIN WNWIUTA
090 VOM o91L SOS VoI OMD vd
masﬁuowﬁw JNSLIN3YeIalW JATIRUIdY ‘ou ung

SONSLINAYERIOW JUSIQYIP I0J SUONOUNJ [eONRWAYIRW (JOO] 9Y) JO SoN[eA UBSW PUB WNWIUIW 3], 6 d|qeL

pringer

As



i, M. Azizi

S.Talatahar

TLTEO1  8669TSS  LTICEST  Y9E9T'99  LEPSY'I8  PLLSI'TS  LYPP09T  SLLTI'98  PSEIL9  99S00°€T  9LVTTIT  L6ITTIT  9€8STOLY9  67T66°88S'S seq

0 0 0 0 0 0 0 0 10TLSI9  SLEESTI 0 0 990PL€01  LT6TOLET "y

VESP'El—  LOS'€ET— VSL8'6E— SSOE'8P— 108IPI— TESTSI— LY'STEC— PLY66T—  PETS60'T  STLSLYI  €9L'80T— 9TIHPS9—  60+d6ET  60+d966'1 Rt

81'T6SE— LO'SILE— 60F06E—  99I6E— 96°00€€— ISHESE— IHT89E— 6I'LISE—  TSOEE— SE8LYE— 98°9LVT— 8E€S0ST—  €S8'LYEE—  616°SOSE— @iy

0 0 0 0 0 0 0 0 01-9666 11-960F 0 0 699°€61€  98€STIET e

EPLIES' T 0 1£000°0 0 ¥9€990°0  €IIEE00  SOIOTO0 90—HTET  €9966'6T  8SSESHT  PELESO'0  L69SO0'0  $TEE68TS  PI60LY OL 0%ty

SLS— SLS— SLS— SLS— 61195 SLS—  €0T19S— LS - SLS— SLS—  S6V6E— Sh- T9'LSS— €96 — oreg

80°C 0 €0°0 0 86'C 0 61T 0 920 0 10 0 S8ELISHT 0990°€1 81Tq

0 0 100 0 0 0 0 0 8T°0 0 0 0 PFSISerI L886°CI Lty

0 0 0 0 0 0 0 0 10°0 0 0 0 $6'9€6T 189¢C ey

0 0 0 0 0 0 0 0 0 0 0 0 ST88899'0  LSE9LTISO e

SLSTI61— SEY0TT— 1T6°'L0v— T86'8Iv—  6T8TT— S8LE6LT— I¥bevc— 1CS€TE—  [L9LYC— 9LI'SLT—  LI8991— SE0T—  Y6IL996—  90P6'S0I— g

€89680°0  8YS900°0  TESISHI  L689ELO  €S6€90°F  TOLVLO'T — ¥8SHLOT  66T8PTO  IFTPSI'0  91€S80°0  9L99°¢y  TSI80'EE  €IEITS6I  €I£€00°91 fleg

0 0 0 0 0 0 0 0 0 0 0 0 9L'€6S'LLL  9VTEGEII ey

0 0 0 0 0 0 0 0 S66L99°0  T6¥0000 0 0 9TI+ALES  SII+AVES ey

0 0 9¥818'99 661000 0 0 0 0 TPSSOYT  YeEHPSI 0 0 196¥SL°S6 $7978°6 01Ty

0 0 0 0 0 0 0 0 SO-dL8T LO-H69'8 0 0 €66L9L6T  6ELY6LLT 602y

TES6LO0  8SSLOO0  LPKO9PI  STLISTO  8S8S6L'E  LETITTT  €ETS6S'T  SOISETO  S6TLEL'0  9EIT900  990SEvy  6SELSHE  6L60T861  8LILEY'SI 802

01-4dLTY 0 €1-909'1 0 90-H00v 11-d8L'6 90—dASY'S O0I-aAvs's 0 0 80-d8L9 TI-ASTy  SO-ASEY  60—H06'T ey

0 0 0 0 0 0 0 0 0 0 0 0 [€+4TT T 0¢+a9'S e

0 0 0 0 0 0 0 0 0 0 0 0 S6T'9£8'869  £TS'LTESES s0cg

876950°0 0 TSSIEI0 0 €L8661°0  €L8661°0  €L8660°0  €L8660°0 VLSYT6T  €L866TT  ELSL6I'0  €L8660°0  TTILLS'6E  9S98TL'SE |

€IT8L8  €SOEL'TS  LSSL9'S6  S6060°S6  SELIT'E6 6997016  9LIS6'SS  SSL6TPS  60SS'LYE  61VOPCI  9v€6'96  L8890°S6  SOS'E6V 19 0TL'LSOOE £0cy

190V8Y'F  6SV061°0  9TSSTIE  TEPPIEl  S€9SL9'6  ITI98K0  LISEY'L  I¥9919°0  8€OE0I'0 90—HL6Y  1T9U'LST  6€LIVTI  68T8EI0  600SEEI9 Wiy
UBQJN  WINWIUIA UBQJN  WINWIUTA UBOJN  WNUWIUTA UBOJN  WINWIUTA UBOJN  WNUWIUIA UBQJN  WINWIUTA UBQIN WNWIUTA
090 VOM og1L SOS VoI OMD vd

mﬁ_::uow—.m JNSLIMayelalll dANRWIdY ‘ou ung

(ponunuod) 6 3jqer

pringer

Qs



Chaos Game Optimization: a novel metaheuristic algorithm

L0~410'9 0 €8I'1691  TY96'EEET  $I9E1000  SO—HLK'L 90—HOT+H 60—HITT TS6V'IVT  S686L98 0 0 1L968'1€8  T8980°€09 Rt

TISI000 SO—HI¥'E  9SI1000 LO—HOET  8T9I000 90—HLL'S  80S1000 SO—HAIST  ¥ELIO00 SO-HIST 1611000 SO—HS9T  LEPFION0  SO—HSET “ty

SOEYS0— 1- ST0- I— Tr=d0ST TH-avl'l T-avl'l T-arl'l T—arl'l ce—arl’l  1p—390°€ Th—aArl’l 0p—Hcs'S 17—9€S°6 Rt

L0—30T'8 0 Sp+ASLT  11-9S9'S 80—d69'T TI-ATI'T 80—AbE'l 0 SE+HOLL OT+ALSE 90—HTIEL 0 PI+EI069  TI9T69°SS 0%

0 0 0 0 0 0 0 0 0 0 0 0 0 0 %y

0 0 0 0 0 0 0 0 0 0 0 0 0 0 80y

10— - 100— - 0 0 0 0 0 0 0 0 0 0 R

T18890°0 0 0 0  SLS8STO  SIVITIO 0 0 S8ESEV'0  88608€°0 0 0 1ISIPS0  66180LY°0 %y
UBQJN  WINWIUIA UBQJN  WINWIUTA UBOJN  WNUWIUTA UBOJN  WINWIUTA UBOJN  WNUWIUIA UBQJN  WINWIUTA UBQIN WNWIUTA
090 VOM og1L SOS VoI OMD vd

masu_uow—.m JNSLIMayelalll dANRWIdY ‘ou ung

(ponunuod) 6 3jqer

pringer

As



i, M. Azizi

S.Talatahar

000'0ST ~ S69°C0SL  000°0ST 6'66cS  000°0ST  €49°T9TC  000°0ST  60SE'6ET  000°0ST  SO—HAT6'T  000°0ST  +T'SS9'ST  000°0ST  OT+696'9 102y
6'098°97 0 LET'ST 0 9€S'ST  €SPEYSTO SLL'ST 0  0000ST  PLTL'SS 65€°8T 0 00000ST  L80919°SE 00eg
107°099L 0 €ELS 0 6v8C 0 orLE 0 200181 0 6LY9 0 0000ST 80—H£0'8 o614
11°$40°0C 0 €6L°LT 0 8TT01 0 9IY'El 0 0000ST €10000  S'TEL'6I 0  00000ST  ¥0TOI9'06 olg
TT88L'61 0 SIEILT 0 €00°TT 0 TIgel 0  0000ST  €IS0LI'0  000°0ST 90—-dAST6  000°0ST  T6EVETEH oty
SY081°vT 0 $S98°6T 0 ataa 0 906°ST 0  0000ST  6SS'¥8TL 88781 0 00000ST  CTLOT'SO6T %1y
T98Y6'S8  €SLEIIT  SOLLTTI  PSITOT'O  000°0ST  vPPOITT  000°0ST S988'1 000'0ST ~ 880I8T'T  000°0ST  6CT80S'€  000°0ST  SSPESILO solg
807€'8TE 0 $'65T 0 €P1°68  LO—AII'T YPS'OL  90-HP96  86'TH6'9 0 669°0CI 0 0000ST S0—HEEC'T volg
000°0ST 0 0000ST 0  0000ST 0  0000ST 0  0000ST 0 0000ST 0 000°0ST 0 Rl
Lv68'LST 0 S¢IT 0  SSLYIT  €I-d6v¥ 8LI'€6  €I1-AIT'S 6L V6ETI 0 000'0ST TZ+H69C  000°0ST  +ESTSO0'0 wly
6LYT'6S1 0 SHiT 0 €OVl €1-H0T'S P08°€6  CI-APSE  PFE90'TI 0 000'0SI  €Z+AKOT  000°0ST  £099900°0 tolg
000'0ST  S96T8E'0  000°0ST  LET6VI'O  000'0ST  S900YS'O  000°0ST  $99L0S0  000°0ST  €60S€°9C  0000ST 16€1%'0  000°0ST  6TSSSY'I1 0oty
LY6EorT  SPI0TTI Y8€6T  6L8LTE'E  000°0ST  TTEELE 0£9°'S9  ¥8LLI'OT  000°0ST  69TT68°CT  SPLOTE  T1086TFF  000°0ST PPEOS'T 81g
99'69L°TS 0 SOrETH 0  pIs'sT 0 9T¥'€E 0  0000ST  TZ+HATS'E 181°LC 0 000°0ST €6+708°C 881g
61°9LY 11 0 soIgel 0 €209 0 7808 0 991601 0 £96°11 0 0000ST  T9P8088E Bl
TULYE'61 0  STH'ST  8ITH000 5856 0 91971 0 €TSS'6FT  SLTSIO0  ST86'9T  LSPIO00  000°0ST  2997989'T 8y
€TT6EST 0 T8L°61 0 096L 0 Y6r 01 0 VEPLLIT 0 SSITTl 0  00000ST  L90TT000 Sy
000°0ST 0  000°0ST  808ST0'0  000°0ST 0 0000ST 0 0000ST 0 000°0ST 0 000°0ST 0 g
000°0ST  11-988'T 000°0ST  90—a¥S'T  000°0ST  T1-H99%  000°0ST  11—-H0T'T 000°0ST  SS09T6'6  000°0ST ~ 80—HEK'E  000°0ST  6I1E€9ETEI |
000'0ST  LYS610°0  000°0ST  $99090'0  000°0ST  SSTEZO0  000°0ST  $9I1T90°0  £68'+00T 0 000'0ST  TL9TSO0  000°0ST  LL9OLOO'O sy
000'0ST  660L10°0  000°0ST ~ 190T0T'0  000°0ST  L8LOTT'0  000°0ST  T6L6TO0  'STLTET  TOYYEOD0  000'0ST 69200 000°0ST  ¥L68900°0 18l
€65'LSYS 0 Ty 0 LEOE 0 01y 0  YI'9F0'09 0 STILL 0 000°0ST S0-H69°C oslg
S66T°€1 0 SSOpYI 0 1£69 0 vT16 0 6v'819'L6 0 S¥680I 0 0000SI  60+dEE0T oty
6v'S6T°LT 0  SY0STT 0 7€68 0 90511 0 SLYOPFI  €I-HSS'S PLY'ET 0 0000ST ¥60101°0 g
€TE6TYE 0  STIO¥bE 0 789'91 0 06£°1C 0  0000ST  97Z8%00  S686'€C  90—AETE  000°0ST 9TTEE'S tg
SO'611°9 0  ST06'SE 0 TL8YS  6E8T6T 991°7C 0  0000ST  L6SLSS'L 6v€'TT 0  00000ST  69S6EE00 g
MU A PIS AFUNS M@ PIS I UNd A PIS A URd M@ PIS AT Und A PIS AT URd ASQ PIS A ung A9 PIS
090 VOM od1L SOS VoI OMD vd
masu_uowﬁw JNSLINAYeIalW JATIRUWIdY ‘ou ung

suonouny [ednewaylew OO 10J (‘A7 "un) SUONEN[RAD UONIOUNJ JO UBAW PUB (‘Ad(] "PIS) UONBIAID pIepuels oy, QL d|qeL

pringer

Qs



a novel metaheuristic algorithm

imization

Chaos Game Opt

000'0ST  8SEET'OL  000°0ST  €0OTT'PS  000'0ST  €196TS'6  000°0ST 7869'0S  000°0ST  SITTI'ET  000°0ST  +¥8SY'ST  000°0ST  89°LSE'LES g
L98'9¥T1 0 ST61 0 P6rs 0 Y91 0 0000SI  ¥9v6'STE PEP L 0 000°0ST GS€891°6S ESE |
000'0ST  TIT¥THE  000°0ST  961'€6T€  000°0ST  9109°TET  000°0ST  €IT6'00E  000°0ST  L'8EO'E99  000°0ST  ¥STLIOL  000°0ST  T99'SLS'LST £y
000'0ST  SOSE'80T SL8'SPT  068L'ES  000'0ST  PLP60'98  000°0ST  S6€98'6v  000°0ST  9878T'SS  000°0ST  LESS'STT  000°0ST  SEOITHTY Wy
95'€TH 0T 0 902'8T 0 9LE0T 0 869°€T 0  0000ST  60—dES'T SHIST 0  00000ST  SPLET0SE 1ty
9'0EL'STT  65Y9TS'T ov8'6y  TLLIOO'0  000°0ST  TIL8C0'0  000°0ST ~ S8IZZO0  000°0ST  8SSTEI'T  000°0ST  €TE6TI'0  000°0ST  88869€8°+ 0%y
127°$80°8 0 0z 0 9€6'LPT  9€600'TT  000°0ST  89€08S'S  TT'08S'OT 0 0000ST 8LES'ST  000°0ST  L96T€96'T 01Ty
€OETS'ET 6785891 9€9TT  LVPILTO  6ES9°FT SESYET  PESEWT  6SELVFT  GSH'SIT  ST6VOSO  YPOTE  TLET9EO  000'0ST  66vT'6YOL 81eg
SLTTISS 0 §'568s 10 1L0€ 0 oY 0 806£TCT  SYOYISO S5€9 0 00000ST  LTICHOTL teg
SIT'9v6Y 0 SIIY 0 00LT 0 91s¢ 0  98°€9€€9 1’0 978Y 0 000°0ST 67S86'9L oleg
687°S61T 0 161 0 195§ 0 7681 0 I€0IS9S 0 £vT6 0  00000ST  €T€08S00 S1eg
000'0ST ~ 9€1TS9'6  000°0ST  LOSLY'ST ~ 000°0ST ~ 98€99+C  000°0ST  SLVTL'TT ~ 000°0ST  LIS00FT  000°0ST ~ $TO90'ST  000°0ST  LLOS6ES'E ey
000°0ST 66171°0  000°0ST  #98€8°ST  000°0ST  ¥890v8'T  000°0ST  ¥TLSSST  000°0ST  SLSTYO'0  000'0ST  €SEVSTH  000°0ST  8STO9F'T R
796'7865 0 6195 0 98¢ 0 9LSY 0 YO'9EFOL 0 S9LE6 0 0000ST  9€9€8'L6Y ey
T'ObS Tt 0 066°SE 0 S9T'61 0 89LT 0  0000ST  9T¥e9cc  SITSIT 0 000°0ST  LTI+ETY'T ey
£0TI'vy 0 0000ST 1%08°6C TL9'TT 0 857°0€ 0  0000ST  9ILSLOY 689°€S 0 0000ST T011€0'T orey
€I ISHSE 0  $6£09€¢ 0 00681 0 TTTYT 0 0000'ST  SO-HOF9  STSETT 0 00000ST  LOLWEL'SY 60cq
000°0ST  6ILSET'0 000°0ST  T66L09T  000°0ST  €HEISET  000°0ST  SSOSHT'T 000°0ST  TOTHED'0  000°0ST  9968SL'€  000°0ST 69€1SH'T 80cq
€9¢0'61T  60—A9T1 L9L0TT  €1-d61'S  000'0ST  90—HSTL  000°0ST  90—dAES6  ¥8E00FI 0 000'0ST  LO—ASKT  000°0ST S0-d19'8 ey
S61'8LT8 0 YSLY 0 90t 0 886 0  6TS9LSS 0 LSSL 0 000°0ST 0s+arTe 0ty
LY'980°€T 0 6vT LT 0 1619 0 8606 0  9'560°STI 0 LOT'ST 0 0000ST  9¥STEH'SS 0T
€TIEETT  ¥696¥0°0  SSIPTHI PLI9O0  000°0ST  80—H9T'I  000°0ST  OI-HOZTL  000°0ST  SOISYTO  000°0ST  LSLVED'OD  000°0SI T1LEL86°0 |
000'0ST  LVOS6S'T  000°0ST  +EETIE0  000°0ST  TEOSSI'T  000°0ST  €96¥09'T  000°0ST  TL6S'LIT  000°0ST  CI6088'0  000°0ST  9T+'88I‘TI €0ty
000'0ST  €69%6TH  000°0ST €OvPPT  000°0ST  T€98TL'S  000°0ST  LOOTSE'S  000°0ST  €¥9200'T  000°0ST  6LOS9'ST  000°0ST  S9SSH'S6T weg
TEUN A PIS AFUNd ARG PIS  ME U A PIS A Und A PIS AFUnd A PIS  AF URd ASQ PIS A ung A PIS
090 VOM od1L SOs VoI OMD vd
mE..t_how—.m JNSLIMayejalll JANRWIdY ‘ou ung

(penunuoo) QL 3|qey

pringer

As



. Azizi

S. Talatahari,

$T0L9ET  90-dIt'I 000°0ST  STEO'LLT ~ 000°0ST 1991000  000°0ST  90—d¥S6  000°0SI  €060689 80T°L9 0 0000ST  €861€EHL Rt
000°0ST ~ 9SLI000  000°0ST  89TI00'0  000°0SI  6PELOO0  000°0ST  THIT000  000°0ST  $99100°0  000°0ST  TLIIOO0  000°0SI 10711000 “y
C'88CCET  €IPLTED  SHPTITI  P6ISEF0  000°0SI  €4—H0T'8  000°0SI  SP—A€TT  000°0SI  8y—ASTT  000°0SI  I+—H60°'L  000°0ST or—dIly 1€y
9ITI6El  90—ALS'T 000°0ST  6V+A9LT  000°0SI  80—HC8'€  v9L'bPl  S0—HSI'L  000°0SI  6€+HE9y  LEI'bPI  SO—AY9T  000°0SI SI+H98 Y 0%
€EIESTI 0 66 0 001 0 00T 0 9556901 0 66 0 zIS6ITl 0 g
ceIesel 0 0S 0 001 0 002 0 000°0ST 0 0S 0 zIs6lTl 0 8ty
SY6TOPT  99PPIE0  SE€96'8PI 10 000°0ST 0 000°0SI 0 000081 0 000081 0 000°0SI 0 Ly
€L16'9€1 86500  S¥89°TT 0  000°0ST  TOIELOO 905°7T 0  00000SI  L8S8YT00 T8l 0 0000ST  6STTHIO0 %y
Mg AAQPIS CAZUnd A PIS CIAgund A PIS AR URd A PIS AHUNd A PIS CIAE UMY AdQ PIS  CIag ‘ung ‘Ad PIS
090 VOM og1L SOS VoI OMD vd
mESﬁuOM—N JNSLIMayejalll JANRWIdY ‘ou ung

(penunuoo) QL 3|qey

pringer

Qs



Chaos Game Optimization: a novel metaheuristic algorithm

YLLI'TE 09tY'LE SI6t7681 €LSSYH8 10026'CC L8LTLST 19Y°6€  8LETE'ET A IS
6L79°68% SHP88°LS ¥8T1°06L 192h1°¢h LEOL'€TS 6765 678 Y6067 9805 '8HS uedN[ R |
LT096' 7t 9%€70°CS 918¢°00C 9¢$6T'18 9P16L°ES 8LOST €8 Y09'T LPOTIOST A 'PIS
8718S1¢ ¥908°LL 857$95T 621201 L10T6°S6 SL6T'SLI 68L°01 60STI I uesN 8Ty
€€TSI'LS 129'1C 6891€°L9 LE66'E91 OFPSIE £668°791 PSLPL  Y9OVTIT AR PIS
6£SL°80€ 8LLESES YESE89Y SeTIETl 678°0St 9LTS"8%S 98'vTe  10V8'LYE uesN R |
9910€¢" €Y ¥6L8'1T 676'121 9188989 SLTHS'TY SEPLE 10¥'61  €L00S'6T A PIS
YSOL 6V 1 LY169°SS LOS 76€ 9LLEY'19 9¢01°69¢ 9150°80¢ I'vPl $860°08C uedN |
606£€°L9 SS8LOEY Y638€+91 8155766 LYIE0L'6 €TH 01 LLTY'S ITPTE9T A PIS
€€L9S 61 ¥L80E'SL £799'991 9800816 LT60L'96 6979°€S¢ 6SL'8C  116V'IL uedN| o
796519 9%6505°0 8TIE 911 91198°69 1€106°LT 876'98 T0—HII'T SL9T991 A 'PIS
$2000°0S 9¥:8895°0 68LL LET YhSes ey 606£1°T6 SIL6'SLY T0—dSL9 S8SEI8'S uedN nty
(910 s1ma] pue (F10T e (r10T e
090  MEN) vom  (ST10T HIeA) OSd  1HEMIA) OMD  (ST0Z MIEMN) VO (ST0T MITelA) v 1ielia) 9a ogav ‘ou ung

SOISLINAUEISW JUAIQYIP JOJ SUONOUN [edjewayiew 931sodwiod ay) Jo (‘A9 "PIS) UONBIAIP PIEPUR)S pUB UBSW Y], || d|qeL

pringer

As



S.Talatahari, M. Azizi

functions, the results of the CGO algorithm are superior to the results of other metaheuris-
tics considering the minimum, mean, standard deviation and function evaluation values
except for the function evaluation of the 100D functions that the results of the WOA is bet-
ter than the results of the CGO.

6.3 Wilcoxon singed-rank test

The Wilcoxon (W) singed-rank test is a statistical nonparametric test for examining the
differences between different samples in a one by one manner. As a main criterion, if the
mean ranks for one sample has lower values than the other one, the sample with smaller
mean of ranks has better statistical results and the utilized metaheuristic is superior to
the other one. The results of the W test for different mathematical functions based on the
obtained results of the optimization runs have been presented in Table 15. In this table,
the upper and lower values are the mean of the ranks related to the CGO algorithm and
the other metaheuristics, respectively. Based on the statistical results, related vales for the
mean of the ranks for the CGO are lower than those of the other metaheuristics in most
of the cases. The related p values of this test for different mathematical functions are also
presented in Table 16.

6.4 Kruskal-Wallis test

The Kruskal-Wallis (K—W) test is a non-parametric algorithm for testing whether or
not different statistical samples are originated from the same distribution. It is used
for comparing two or more independent samples of equal or different sample sizes. It
extends the Mann—Whitney U test, which is used for comparing only two groups. A sig-
nificant K-W test indicates that at least one sample stochastically dominates one other
sample. This test provides the mean of the ranks for multiple sets of statistical data
which are considered for comparing analysis. As a main criterion, if the mean of the
ranks for one sample has lower values than the other ones, the one with smaller mean of
ranks has better statistical results. The results of the K—W test for different mathemati-
cal functions are presented in Table 17. Based on the statistical results, the superiority
of the CGO algorithms is proved. In this table, the bolded values are related to the
better metaheuristic while the vales related to the CGO algorithm are all italicized. It
should be noted that the CGO algorithm is the best in the ranking in dealing with 2D
functions for the minimum, mean and standard deviation while it is second for the func-
tion evaluation. Considering 50D functions, the CGO algorithm is on the first place
in the ranking considering the minimum, mean and function evaluation while for the
standard deviation, the CGO is second best algorithm. For the 100D functions, the pro-
posed CGO algorithm is on the first place in the ranking determining the minimum and
mean while for the standard deviation and the function evaluation, the CGO is second
best algorithm.

6.5 Post-hoc analysis
Post-hoc is a Latin phrase, meaning “after this” or “after the event”. In a scientific

study, Post-hoc (P-H) analysis consists of statistical analyses that were not specified
before the data was seen. A P-H analysis involves looking at the data after a study has

@ Springer



Chaos Game Optimization: a novel metaheuristic algorithm

20210 10—dS9°L 690T0 10—d9¥'1 ¥CLI'0 10—dYCE 996£0 ¥0—dSET L6810 [0—HCCT L6890 €I—HL8YV 'lad und
LOTT0  10—dS9°L T980'0 10—HLL'6 06900 10—H66'6 vIYTO CTO—HOL'S +e0l'0 10—H66'8 TLISO LO—HI9'I PIS
7980°0 10—dLL'6 PEOI'0 10-H66'8 06900 10—H66'6 985C°0 <CO—HLE'E LOTI'0 10—HS9'L 06950 60—HOCTS Ues\
LI§0°0  O+HOO'T +CLI'O0 T0—HPTE 6LET'0 TO—HLO9 9LTE0 €0—HS8'T L68I'0 T0—HITT L6890 €I-HL8Y LA aoot
29800 10—dLL'6 690C°0 T0—HO¥'I LOCI'O 10—HSY'L 1€6C°0 TO—HSO'T 6SLT0 TO—HC6'l V¥IPL'0 SI-HOE'S '[Ad "ung
YE0I'0  10—H66'8 06900 10—H66'6 <¢980°0 I10—HLL'6 6LET'0 T10—HLO9 LOCI'0O T0—HS9'L SPeES'0 80—HIELS PIS
7980°0 10—HLL'6 LOTI'0 10—HS9L 06900 10-H66'6 PCLI'0 10-d¥C'e TSSI'0 10—d¥Sy 79850 60—dYS'I UBIN
20210 10—HS9'L 690T0 10—H9¥'1 <TSSI'0 10—HPSY 6SLT0 CO—HTO6'l 98ST0 CO—HLE'E 98SL0 SI—H60'] WA aos
9¥8€'0 80—HOC'E 0r60°0 10—H8S9 8ESI'0 10—dVI'T 8ESI'0 10-dYI'T 0€SY'0 [I-HOTE L9990 $C—HOT'8 'lAd ung
98LY'0 CI-HLL'T 0¥60'0 10—d8S9 £/500 10—HL6'6 9961°0 TO—HS8T 66¢S0 SI-HIC'E 0SEL0 6C—H6V'L PIS
P0SE€'0  LO—HT6'9 SS80°0 10—H89'L €[00 10-dL6'6 IIII'0 T0—dEY'y 9¥P8E'0 80—HOLE 8909°0 O0OC—HEV'S BN
S6L1'0 CO—HKOY €1S0°0 [0—HL6'6 LTPO'0  0+HO0'T £Z#00  0+HOO'T +0S€0 LO—HC6'O O0I¥9°0 CTC—HO8V UIN ac 0DD
‘Pig  senead  cyig  senead  pig  sonead gl senead  cyig  senead  pgig  sonead
YoM od1L SOS VoI OMD vd

SWYLIOI[E ONSLINOYLIOW JANRUINN Y

adKyereq odKy uonoung wyprIoS[e UG

SWYILIOZ[. JUAIYIP J0J san[eA d pue (‘JI(]) BIep UdaMIaq 2OUIYIP SUIPN[OUT SINSI 153} S—3 oYL, ZL d|qelL

pringer

As



S.Talatahari, M. Azizi

Table 13 The M-W test results (summation of the ranks) for 2D, 50D and 100D mathematical functions

Main Function  Data type Alternative algorithms
algorithm  type
FA GWO ICA SOS TLBO WOA
CGO 2D Min. 18,321.00 15,962.00 14,017.00 14,053.50 14,074.00 14,960.00
9174.00 11,533.00 13,478.00 13,441.50 13,421.00 12,535.00
Mean 18,147.00 16,284.00 14,607.00 13,966.50 14,307.50 16,027.50
9348.00 11,211.00 12,888.00 13,528.50 13,187.50 11,467.50
Std. 18,558.00 16,998.00 14,943.00 14,017.50 14,318.00 16,658.00
8937.00 10,497.00 12,552.00 13,477.50 13,177.00 10,837.00
Fun. Evl. 18,534.00 16,040.00 13,391.00 14,438.00 13,922.00 16,029.00
8961.00 11,455.00 14,104.00 13,057.00 13,573.00 11,466.00
CGO 50D Min. 473400  3840.00  3852.00 3593.50 3714.00  3540.50
2052.00 2946.00 2934.00 3192.50 3072.00  3245.50
Mean 4568.00  3655.00  3697.00  3392.00 3555.00  3459.00
2218.00  3131.00 3089.00 3394.00 3231.00 3327.00
Std. 4423.00 3563.00 3619.00 3313.00 3446.00 3464.00
2363.00 3223.00 3167.00 3473.00  3340.00  3322.00
Fun. Evl.  4657.00 3608.00 3940.00 3468.00  3547.00  3420.00
2129.00  3178.00 2846.00 3318.00 3239.00 3366.00
CGO 100D Min. 4708.00 3717.00 3963.50 3610.00 3678.00 3431.50
2078.00  3069.00 2822.50 3176.00 3108.00  3354.50
Mean 4547.50  3549.50  3845.50 347250  3554.50  3447.00
2238.50  3236.50  2940.50 3313.50  3231.50  3339.00
Std. 4404.00  3486.50  3804.50  3393.00 3482.50 3516.00
2382.00 3299.50 2981.50  3393.00 3303.50  3270.00
Fun. Evl.  4523.00 3577.00 4086.00 3509.00 3523.00 3361.00
2263.00  3209.00 2700.00 3277.00 3263.00 3425.00
Table 14 The M-W test results (p values) for 2D, 50D and 100D mathematical functions
Main Function Data Alternative Algorithms
algo- type type
rithm FA GWO ICA SOS TLBO WOA
CGO 2D Min. 3.66E-21 5.72E-07 4.58E-01 3.99E-01 3.68E-01 2.72E-03
Mean 27710E-18 2.09E-07 5.90E-02 6.22E-01 2.14E-01 2.74E-06
Std. 5.44E-22 124E-11 594E-03 5.05E-01 1.70E-01 9.46E—-10
Fun. Evl. 4.99E-23 5.93E-06 4.90E-01 1.81E-01 7.36E—01 8.62E—-06
50D Min. 1.39E—-14 3.38E-03 2.61E-03 1.56E-01 2.93E-02 2.86E-01
Mean 5.34E-11 1.24E-01 7.62E-02 9.98E-01 3.39E-01 6.92E-01
Std. 8.20E-09 3.15E-01 1.85E-01 6.27E-01 7.53E-01 6.70E-01
Fun. Evl. 8.19E-15 227E-01 2.09E-03 6.78E-01 3.90E-01 8.83E—01
100D Min. 6.59E—14 3.51E-02 4.60E-04 1.52E-01 6.39E-02 7.90E-01
Mean 1.04E-10 3.53E-01 9.26E-03 6.37E-01 3.42E-01 7.48E-01
Std. 1.28E-08 5.73E-01 1.67E-02 1E+00 5.93E-01 4.60E-01
Fun. Evl. 8.69E—13 299E-01 6.11E-05 5.15E-01 4.64E—01 8.60E—-01
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been concluded, and trying to find patterns that were not primary objectives of the study. In
these kinds of analyses, a new analyze for new objectives, which were not planned before
the experiment is planned. In this section, the P-H analysis is conducted in order to derive
the overall rankings of the metaheuristic algorithms for all of the 2D, 50D and the 100D
mathematical functions based on the achieved results of the K—W test. The overall rankings
of the metaheuristics obtained by the P-H analysis are presented in Table 18. It should be
noted that the CGO algorithms provides a success estimation of 100% in outranking the
other metaheuristics which demonstrates the superiority of the proposed novel optimiza-
tion algorithm. It should be noted that the CGO algorithm is the best one in the ranking in
dealing with 2D, 50D and 100D functions for the minimum, mean, standard deviation and
function evaluation.

Table 15 The W test results (mean of the ranks)

Main algorithm  Function type Data type Alternative algorithms

FA GWO ICA SOS TLBO  WOA

CGO 2D Min. 4656 1953 104 45 55 565
0 0 86 0 0 30
Mean 5394 3347 1370 402 417 2724
492 139 341 264 286 357
Std. 5192 3219 1172 327 366 2703
694 267 368 339 375 457

Fun. Evl. 4631 4162 3028 3790 2431 4532
25 494 2123 866 2225 124

CGO 50D Min. 1510 353 393 118 238 91
30 25 103 53 62 45

Mean 1622 534 587 251 382 269

31 96 154 184 114 196

Std. 1404 381 453 176 207 278

249 249 288 259 289 187

Fun. Evl. 1081 548 1091 414 676 563

0 533 184 667 452 518
CGO 100D Min. 1462 281 503 184 237 91
23 19 127 69 63 80

Mean 1459 401 690 266 358 238

26 95 171 169 138 197

Std. 1315 305 559 197 242 215

170 191 302 238 254 220

Fun. Evl. 903 486 875 413 503 480

0 417 115 490 400 466
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Table 16 The W test results (p values)

Main Function Data type Alternative algorithms
algorithm Type
FA GWO ICA SOS TLBO WOA
CGO 2D Min. 1.78E-17 7.58E-12 7.17E-01 3.91E—-03 1.95E-03 4.80E-06
Mean 5.79E-14 3.28E—-13 6.79E-05 2.78E-01 3.23E-01 3.75E-09
Std. 5.44E-12 2.07E-11 7.57E-04 9.25E-01 9.48E—01 4.06E—08
Fun. Evl. 3.90E-17 2.06E—11 1.25E-01 9.16E-08 7.07E-01 8.01E—16
50D Min. 5.64E-10 8.14E-05 4.49E-03 1.57E—01 1.19E-02 2.34E-01
Mean 2.61E-10 3.34E-04 1.69E-03 4.69E—01 8.64E—-03 4.53E-01
Std. 447E-06 2.80E-01 2.32E-01 3.70E-01 4.22E-01 3.49E-01
Fun. Evl. 3.52E-09 9.35E-01 1.20E-05 1.67E-01 2.36E-01 8.06E—01
100D Min. 5.83E-10 1.82E-04 2.07E-03 6.19E-02 1.29E-02 8.11E-01
Mean 6.86E—10 2.72E-03 7.72E-04 2.94E—01 3.11E-02 6.58E-01
Std. 8.25E-07 2.64E-01 9.59E—-02 6.58E—-01 9.06E-01 9.57E—01

Fun. Evl. 1.65E—-08 6.66E—01 9.22E-06 6.30E-01 5.20E—01 9.33E-01

7 Comparing to fractal- and chaos-based algorithms

In this section, the results of the CGO algorithm in dealing with the 2D, 50D and
100D mathematical functions are compared to Stochastic Fractal Search (SFS) devel-
oped based on the fractals concept (Salimi (2015)) as well as three other metaheuris-
tics containing Chaos-embedded Particle Swarm Optimization (C-PSO) proposed by
Alatas et al. (2009), Firefly Algorithm (FA) with chaos (C-FA) proposed by Gandomi
et al. (2013a, b), and Imperialistic Competitive Algorithm (ICA) combined with chaos
(C-ICA) proposed by Talatahari et al. (2012), in which the chaos theory is included in
the general formulation of these algorithms. In addition, two other metaheuristics as
Covariance Matrix Adaptation Evolution Strategy (CMA-ES) (Hansen et al. 2003) and
Yellow Saddle Goatfish Algorithm (YSGA) (Zaldivar et al. 2018) are also utilized for
comparative purposes. In Table 19, the minimum values of the selected mathematical
functions obtained by the mentioned metaheuristics and the proposed CGO algorithm
are presented. It is clear that the results of the CGO algorithm is better than the results
of other metaheuristic.

8 Comparing to CEC 2017 competition results
In order to evaluate the overall performance of the proposed CGO algorithm with the

state-of-the-art algorithms in dealing with the state-of-the-art mathematical test func-
tions, one of the recent competitions on single objective real-parameter numerical
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Table 19 Minimum values of the mathematical functions obtained by the fractal- and chaos-based algo-

rithms

No. SFS C-PSO C-FA C-ICA CMA-ES YSGA CGO

F, —200 —200 —200 —200 —200 —200 —200

F, —195.629 —195.629 —195.629 —195.629 —195.629 —195.629 —195.629
F; —2.02181 —2.02181 —2.02181 —2.02181 —2.02181 —2.02181 —2.02181
F, 1 1 1 1 1 1 1

F; 0 0 0 0 0 0 0

Fg 0 1.70E—-08 0 0 0 0 0

F, 0 2.21E-10 0 0 0 0 0

Fq —106.765 —106.765 —106.765 —106.765 —106.765 —106.765 —106.765
F, 0 0 0 9.83E—-12 0 0 0

Fo, O 0 0 6.75E—11 0 0 0

Fj, 0 0 0 2.09E-11 0 0 0

F, O 0 0 0 0 0 0

F;;  0.397887 0.397887 0.397887 0.397887 0.397887 0.397887 0.397887
F,, 5559037 6.810589 5.681669 6.810589 5.559037 5.559037 5.559037
Fs O 0 0 0 0 0 0

Feg O 0 0 4.63E-11 0 2500 0

Fy; 1.32E-05 229.1788 0.000489 0.023954 0.000158 229.1788 0.000526
Fg O 0 0 0 0 0 0

F,, —10316 —1.0316 —1.0316 —1.0316 —1.0316 —1.0316 —1.0316
F,y, —24.1568 —24.1568 —24.1568 —24.1568 —24.1568 —24.1568 —24.1568
F,, —2000 —1000 —1999.99 —1000 —1000 —1000 —2000
F,,  —2000 —999.999 —1999.97 —1000 —2000 —1993.22 —2000
Fp, —42.9444 —42.9444 —42.9444 —42.9444 —42.9444 —42.9444 —42.9444
F,,  —2.06261 —2.06261 —2.06261 —2.06261 —2.06261 —2.06261 —2.06261
F,s O 5.00E—12 0 0 0 0 0

Fy O 4.64E-06 2 2 2 0 0

F,, —24771.1 —24771.1 —24771.1 —24771.1 —24771.1 —24771.1 —24771.1
Fyg -1 -1 -1 -1 -1 -1 -1

Fy 1.7128 1.7128 1.7128 1.7128 1.7128 1.7128 1.7128
Fypy O 0 0 0 0 0 0

F;, 0 0 0 0 0 0 0

Fyp, O 0 0 0.07796 0 0 0

Fy;  0.06447 0.06447 0.06447 0.06447 0.06447 0.06447 0.06447
Fy, 3 3 3 3 3 3 3

Fss5 —165.953 —165.953 —165.953 —165.953 —165.953 —165.953 —165.953
Fp O 2.38E—-08 0 0 0 0 0

Fy;  —2.3458 —2.3458 —2.3458 —2.3458 —2.3458 —2.3458 —2.3458
Fig 124.3622 124.3622 124.3622 124.3622 124.3622 124.3622 124.3622
Fyy  —0.67367 -0.67367 —0.67367 -0.67367 -0.67367 -0.67367 -0.67367
Fypy O 4.58E-08 0 0 0 0 0

Fy —176.542 —176.542 —176.542 —176.542 —176.542 —176.542 —176.542
F,, —176.138 —176.138 —176.138 —176.138 —176.138 —176.138 —176.138
Fy O 0 0 0 0 0 0

Fy, —191322 —1.91051 —1.91322 —1.91322 —1.9133 —1.91051 -1.91322
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Table 19 (continued)

No. SFS C-PSO C-FA C-ICA CMA-ES  YSGA CGO
F,; —19.6683 —19.6683 —19.6683 —19.6683 —19.6683 —19.6683  —19.6683
F, —-18013  —18013  —18013  —18013  —18013  —18013  —1.8013
F, —018465 —0.18465 —0.18465 —0.18426 —0.18465 —0.18465  —0.18465
F, —019941  —0.19923  —0.19938  —0.16649  —0.19941  —0.19941  —0.19941
F, —101983 —101983 —101983 —101983 —1.01983 —101983  —1.01983
Fy, —228395 —228395 —228395 —228395 —228395 —228395  —2.28395
F, 0 0 0 0 0 0 0

F, 0 0 0 0 0 0 0

F, 0 2.17E-09 0 0 0 0 0

Fy, —096353 —096353 —096353 —096353 —096354 —096353  —0.96353
Fs; 09 0.9 0.9 0.9 0.9 0.9 0.9

Fi 0 450E-10 0 1.70E-10 0 0 0

Fs, 09 0.9 0.9 0.9 0.9 0.9 0.9

Fy 0 0 2.15E—-12  148E-09 0 0 0

Fy, 0 0 0 1.03E-12 0 0 0

F, —387372 —3873.72 387372 -3873.72 —3873.72 —3873.72 —3873.72
F,, 22 -2.19915  -22 -22 -22 -22 -22

Fy, -2 -2 -2 -2 -2 -2 -2

F, 343712 343712 343712 74 3626407  34.3712 343712
Fo, O 0 1.82E-12  3.75E-10 0 0 0

Fes O 0 0 897E-11 0 0 0

F O 0 635E-10  1.20E—08 0 0 0

Fy; 0 0 0 0 0 0 0

Fe O 0 0 0 0 0 0

Fe 0001567  0.001567 0001567 0001567  0.001567  0.001567  0.001567
F,, 0292579 0292579 0292579 0292579 0292579 0292579  0.292579
F, 0 8.0IE-05  3.09E-07  235E-06 0 2.00E-07 0

F, —3456 —3456 —3456 —3456 —3456 —3456 —3456
F,; —269203 —269203 —269203 —269203 —269203 —26.9203  —26.9203
F, —192085 —192085 —19.2085 —19.2085 —19.2085 —19.2085  —19.2085
F,s —241568 —24.1568  —24.1568  —24.1568 —24.1568  —24.1568  —24.1568
F,, —108723 —108723 —10.8723 —10.8723 —10.8723 —10.8723  —10.8723
F, 0 0 0 0 0 0 0

F,, —330687 —330687 —330687 —330687 —3.30687 —330687  —3.30687
F, 0 0 8.06E—08  2.000001 0 0 0

Fy, —481681 —481681 —481681 —481681 —481681 —481681 —4.81681
Fy, —25 -25 -25 -25 -25 -25 -25

Fy, ~—15 -15 -15 -15 -15 -15 -15

Fy, —7.307 ~730426  —7.307 -637186  —7.307 -730426  —7.307
Fy,  —400 —400 —400 —400 —400 —400 —400
Fs 0 1.99E-08  3.17E-12  230E-10 0 0 0

Fgg O 223E-09 0 127E-11 0 0 0

Fy, 2135 21.35 21.35 21.35 21.35 21.35 21.35
Fg  —000379  —000379 —0.00379 —000379 —0.00379  —0.00379  —0.00379
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Table 19 (continued)

No. SFS C-PSO C-FA C-ICA CMA-ES  YSGA CGO

Fy, —03523  —03523  -03523  -03523  —03523  —03523  —0.3523
Fyy O 0 0 3.66E-11 0 0 0

Foyy 0 0 0 0 0 0 0

Fy, 0 0 0 0 0 0 0

Fy; —3.86278 —3.86278 —3.86278 —3.86278 —3.86278 —3.86278  —3.86278
Fo, 0 6.75E-08 0 0 0 0 0

Fos 0024536  0.024536 0024536  0.024536  436E—05 0024536  0.024536
Fos O 1.70E-06 0 0 0 0 0

Fy; 0 0 0 0 0 0 0

Fog O 0 0 0 0 0 0

Fyy O 472E-08  5.17E-12  211E-11 0 1.24E-09 0

Fiop O 0 0 0 0 0 0

Fio O 1659363 4336581  6739.838 0 0 0

Fip, 2.70E-12 2.70E—12 2.70E—12 2.31E-11 2.70E-12 2.70E-12 2.70E-12
F,p3  0.000308 0.000308 0.000308 0.000436 0.000308 0.000308 0.000308

Fioe O 0 0 0 0 0 0

Fs —101532  —510071 —10.1532 —10.1532 -50552  —10.1532  —10.1532
Fips —104029  —104027 —104029 —104029 —508767 —104029  —10.4029
F,;; —105364 —512848 —10.5364 —10.5364 —5.12848 —10.5364  —10.5364
Fiig O 0000119  0.000323 0015173 0 370E-07 0

F 0333839 193818 1048496 3404998 0 1152022 0

F, o —529871 —529.834  —529241 —517.305 —529.871 —529.871  —529.871
F,, —0.965 -0.93981  —0.965 ~0.965 -0.908 -0.965 -0.965
F,, 271E-08 40IE-05 252E-05 0.005186 0 579E-06 0

F,; —332236 —332236 —332236 —3.32236 —332236 —332236  —3.32236
Fi, -50 -50 -50 -50 -50 -50 -50

F, s 095979 0965652  0.95979 0973866  0.95979 0.95979 0.95979
F, s —45778  —45778  —45778  —45778  —45778  —45778  —45778
F,;, -210 -210 -210 —210 —210 -210 -210
F,; 0000461 1998176  631E—05 9.35E-05  1.IIE-08 0 0

F,o 0159407 0 0002818 0019217  5.86E-08 0 0

Fi,0 3.2E-08 0 1.34E-10  2.90E-10 0 0 0

F,,, 9.9E-12 0 0 0 0 0 0

F,, 0 0 0 566E-11 0 0 0

F,; —098368 —094192 -1 —096155  —0.60948  —0.96507  —0.890149
F,, —099456  —0.94984  —1 —0.98 -1 —098302  —0.901522
F,s 0666774  0.666667  0.666977  0.886176  0.666667  0.666667  0.6666667
Fie —1 099991  —1 0 0 -099997 -1

F,, -1 -1 -1 -1 -1 -1 -1

Fos 124E-07 0 6.05E-08  1.91E-07 0 0 0

Fio 3.83E-11 0 0 0 0 0 0

F, 7721368 0 834E+14  636E+15  137E+11 0 0

F;, —337053 —213991 23976  —165792  —7.74406  —49 —49

F;, 595E-07 0093212  1.05E-09  1.64E-05 0 0.000795 0
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Table 19 (continued)

No. SFS C-PSO C-FA C-ICA CMA-ES  YSGA CGO

Fj; 2308767 2 2139347 3418983 2 2 2

Fi,, 235998 2 2057896 2950725 2 2 2

Fi;s 9.25E+128 925E+128 9.25E+128 9.25E+128 129E+118 9.25E+128 9.25E+128
Fi;6 3.64E-07 0 0 0 1.68E—11 0 0

F,;; 1449504 4837566 1739229 2040403 2145182 4827224 0

Fi;q 1165205 0 2262443 7829157  1.03E-11 0 0

Fi; 0013356 0 0375701  1.039234 0012943 0 0

Fi, 5.16E-06 0 0.000639  0.179056  1.00E-09 0 0

Fy O 0 1.62E-09  528E-08 3.71E-12 0 0

F, 1952312 0 28.85381  39.79834 2984878 0 0

F,, 1172885  0.55414 0012039 0041672  2.80E-10 0513762 0

F,, 934938 5185671 1208168  10.68099  231E—06  3.749134  9.28E—08

Fus 27.40189 45.42774 45.14793 47.70977 32.41107 44.80675 29.900335
Fi4 0.699873 0.099873 0.299873 0.499873 0.199873 0.099873 0

F,, 3.04E-08 0 0 0 0 0 0
Fu O 0 0 0 0 0 0

F O 0 0 0 415E-10 0 0

Fi5 0.01691 717E-06  430E—09 0000503  597E—10  3.86E—06  9.35E—12
Fi;, 0003798 0 0012102  0.137038  648E-07 0 0

Fi;, 2096802 4814532 0021372 0063408  9.87E-06  0.946046 0

Fi;; 0113246 0 0027789  0.169955  3.04E-06 0 0

Fs, 0 0 0 0 0 0 0

Fi;s 0037215  624E—05  290E-08  7.35E-05  1.65E—09  243E-06  2.22E—II
Fi5s —402.159  —208.463 —280.802 —236.186 —418983  —259.116  —289.1935
F,;;, 0023207 0 LI0E-10  3.86E-10 0 0 0

Fiy 0 0 0 0 0 0 0

Fiso 0 0 0 0 0 0 0

Fi O 0 0 0 0 0 0

F —261 -275 —267 —262 -275 -275 -275

Fi, 9971167 1832459 2230903  4.057409 0241673 3468084 0

Fi; 738E-07 0 0000288  0.137184 0 0 0

F —19583  —1707.2  —1831.08 —176039 —19583  —19441  —1958306
Fis —118569  —153373  —190404  —3161.65  —22050 —18027.5  —21988.17
Fi 8.62313 0 23.64303  59.97822  5.19E-06 0 0

Fi; 2230567 527867 11.2818 1771482 1 2955507 20.281137
Fi 0058698 0330326  0.192104 0335612 0725947 0 0

Fi O 0 0 3.96E-302 0 0 -1

Fip 0 0 0 0 0 0 0

F; 0 0 0 0 0 0 0

F;;, 9.00E-07 0 755E-10  0.036634  9.90E-10 0 0

Fi;; 393E-22  7.1E-24  123E-30 199E-30 3.02E-36 6.70E-24  —1

F.,, 0544635 0000578  931E-05 0766646  196E—05  649E—06  3.94E—05
F,s 13852 4000674 1033676 56.3906 0 0.179843 0

F 0.08615 0 0004096  0.007012  8.53E-05 0 0
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Table 19 (continued)

No. SFS C-PSO C-FA C-ICA CMA-ES  YSGA CGO
F,;; 4379913 0 0032822 0200821  0.000429 0 0

Fis 0007307 0 717E-05  0.001279  1.01E-09 0 0

Fio 0015678 0 1.61E-08  1.59E-07 0 0 0

Fie 132E-09 0 1.66E—07  450E—07 0 0 0

Fi, —093484  —085014 —095442 —090918 —0.5065  —0.85639  —0.76477
Fii —095923 —0.86829 —094893 —0.89262 —1 —0.89451  —0.79327
Fi; 9880318  0.666667 1260284  1.575497  0.666671  0.666667  0.666667
Figo O -09457 0 0 0 099262 0

Figs —099999  —1 099998  —0.99954 -1 -1 -1

Fig 0001949 0 0000317  0.000443  3.12E-07 0 0

Fie 0004133 0 783E-06  4.71E-05 0 0 0

Figg 158E+19 0 222E+30  2.03E+31  9.08E+29 0 0

Figo —427897  —355648  —40.0709 —33.6686 —8.85399  —99 -99

Fo 0030605  109.573 0000123  0.000182  6.66E—09  0.020334  1.074365
Fo 2172778 2 1449823 1131912 2 2 2

F, 1832298 2 19.39233  245.8696 2 2 2

Fi3 0 0 0 0 0 0 0

Fi, 231E-05 0 0 0 L71E-07 0 0

Fls 3658503 9919996  37.57346 4238333 4547596  9.840136 0

Fle 2307331 0 2050333 8585416 3522131 0 0

F; 0697279 0 2473221 77759918 0017962 0 0

Fg 0073885 0 0.0317 0.48086 6.61E-07 0 0

Flog 0 0 293E-09  1.92E-08  925E—11 0 0

Fy 1332975 0 80.68107  183.111 19.0865 0 0

F, 26335 7350315 3479846 2413042 0337952  10.89645  0.008689

Fyp,  58.43503 18.73577 15.72721 23.92143 0.028356 13.92349 0.190459
Fyp;  295.4997 95.00197 95.75061 95.75061 92.2158 94.88555 82.73053
Fys  2.599883 0.099873 0.599873 0.799873 0.299877 0.099873 0

Fps 2193827 0 1.81E-08  2.09E-07 0 0 0
Fys 3.85E-06 0 0 0 0 0 0

Fy; O 776E-11 0 0 1.OS8E-09 0 0

Fpe 1792924 0001787  0.027415  0.17144 221E-07  0.000883  0.007558
Fop  1.09529 0 0558277 1374292 0007242 0 0

Fy, 11.9985 48.88828  0.147203 0246815  0.02252 3761164 0

F,, 4612763 0 0.825046 8146816 0031502 0 0

F,, 0000817 0 0 0 0 0 0

F,; 2395181  0.001401  0.03632 0281402  235E-07  0.001056  0.006548
F,, —329.162 —182.698  —246.843  —225326 —418.983  —217.456  —220.435
F,5s 5.84239 0 508E-05  0.000551  LI11E-09 0 0

Fye O 0 0 0 0 0 0

Fy; 0 0 0 0 0 0 0

Foy 0 0 0 0 0 0 0

Fyo —495 -575 -538 —527 -575 -575 -575
Fpo 2735396 1320605  9.544515  17.33387  4.108229 0 0
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Table 19 (continued)

No. SFS C-PSO C-FA C-ICA CMA-ES YSGA CGO

Fy,  0.042785 0 0.515799 1.148726 2.08E-06 0 0

Fy,, —3877.11 —3378.76 -3619.74 —3393.55 —3874.21 —3548.52 —3765.07
Fyp; 4043195 —33,857.6  —33,908.6  129,466.8 — 162,687 -57,736.9  —-23,507
Fy, 554.9544 0 479.2063 625.8056 4.847024 0 0

Fys 283.0328 141.2464 81.48305 143.8316 1.318782 104.7021 55.26998

Fpe 0229959 0 0.179456  0.268773  0.834146 0 0
Fpy O 0 0 0 0 0 -1
Fpe O 0 0 0 0 0 0
Fp O 0 0 0 0 0 0
Fy 0000511 0 247E-05 0061411  552E-08 0 0
Fy, 139E-42  1.15E-42  1.14E-42  1.14E-42 3.68E—48 823E-44 -1

Fy;,  0.241987 0.000867 0.013485 0.189038 2.39E-07 1.66E—-05 3.41E-05
Fy;;  46.22346 466.6365 240.8251 316.8896 1663.062 225.3411 0

optimization named “CEC 2017” is considered in this section. In this regard, a list of 30
mathematical functions are considered and presented in Table 20 while the mathematical
details of these functions have been presented by the CEC 2017 competition commit-
tee (Awad et al. 2016). These mathematical functions are consisting of 10 shifted and
rotated functions, 10 hybrid functions and 10 composite functions. These test functions
are considered in four dimensions of 10, 30, 50 and 100 and the optimization process is
conducted for four different scenarios.

The statistical results of the CGO algorithm in dealing with these test functions with
10, 30, 50 and 100 dimensions are presented in Tables 21, 22, 23 and 24, respectively; the
results of three other successful algorithms (Kumar et al. 2017; Awad et al. 2017; Sallam
et al. 2017) are also presented. It should be noted that the error values are only considered
in this competition and the statistical results are based on the best error values of 51 inde-
pendent runs. The results show that the proposed CGO algorithm is capable of providing
very acceptable results in dealing with these test functions with different dimensions.

In order to evaluate the computational time and complexity of the proposed CGO
algorithm in dealing with the provided mathematical test functions by the CEC 2017
competition, the complexity assessment is also conducted for the CGO method based on
the provided complexity scenario by Awad et al. (2016). In this scenario, four different
computational times (T, T;, T, and T,) are considered based on the four specific math-
ematical procedures. The T, refers to the running time of the mathematical procedure
presented in Fig. 7.

The T, refers to the computational time for evaluation of the G4 test function
considering 200,000 function evaluations for each of the 10, 30, 50 and 100 dimen-
sions. The T, refers to the computational time of the considered metaheuristic algo-
rithm (CGO in this paper) for evaluation of the G,y test function considering 200,000
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Table 20 Summary of the CEC 2017 Test Functions (Awad et al. 2016)

Function type Fun. no. Function detail Fun. Min.
Unimodal Functions G, Shifted and Rotated Bent Cigar Function 100
G, Shifted and Rotated Sum of Different Power Func- 200
tion
G; Shifted and Rotated Zakharov Function 300
Simple Multimodal Functions G, Shifted and Rotated Rosenbrock’s Function 400
G; Shifted and Rotated Rastrigin’s Function 500
G Shifted and Rotated Expanded Scaffer’s F6 Function 600
G, Shifted and Rotated Lunacek Bi_Rastrigin Function 700
Gy Shifted and Rotated Non-Continuous Rastrigin’s 800
Function
Gy Shifted and Rotated Levy Function 900
G Shifted and Rotated Schwefel’s Function 1000
Hybrid Functions Gy Hybrid Function 1 (N=3) 1100
G, Hybrid Function 2 (N=3) 1200
G3 Hybrid Function 3 (N=3) 1300
Gy, Hybrid Function 4 (N=4) 1400
G5 Hybrid Function 5 (N=4) 1500
G Hybrid Function 6 (N=4) 1600
Gy, Hybrid Function 6 (N=5) 1700
G Hybrid Function 6 (N=5) 1800
Gy Hybrid Function 6 (N=5) 1900
Gy Hybrid Function 6 (N=6) 2000
Composition Functions G,, Composition Function 1 (N=3) 2100
G,, Composition Function 2 (N=3) 2200
Gy Composition Function 3 (N=4) 2300
Gyy Composition Function 4 (N=4) 2400
Gys Composition Function 5 (N=5) 2500
Gy Composition Function 6 (N=5) 2600
G,; Composition Function 7 (N =6) 2700
Gog Composition Function 8 (N=6) 2800
Gy Composition Function 9 (N=3) 2900
G3 Composition Function 10 (N=3) 3000

Search range: [— 100,1001°

function evaluations for each of the 10, 30, 50 and 100 dimensions. The T2 refers to the
mean values of five different assessment of T,. In Table 25, the comparative complexity
results of the CGO method with the three other metaheuristics which have participated
in the CEC 2017 competition are presented. The computational times are calculated and
presented in seconds. It should be noted that the proposed CGO method is capable of
providing very competitive results comparing to other metaheuristics.
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Fig.7 Mathematical process for Procedure Ty Assessment

T, assessment x=0.55;

Sfor i=1:1000000
x=x+x,
xX=x/2;

X=X XX,

x=sqrt(x);

x=log(x);

x=exp(x);

x=x/(x+2);
end

end procedure

9 Computational cost and complexity analysis

In order to evaluate the overall performance of a new optimization algorithm from differ-
ent points of view, the computational cost and complexity analysis can be conducted. In
computer sciences, the “Big O notation” is a mathematical notation which represents the
required running time and memory space of an algorithm by considering the growth rate in
dealing with different inputs.

For the presented CGO algorithm, the random selection process in the initialization
phase of the algorithm have computational complexity of O(NP*D) in which the NP
is the initial population size related to the number of initial eligible seeds and D is
the dimension of the problem. The computational complexity of the objective function
evaluation in the initialization phase of the algorithm is calculated as O(NP)*O(F(x)) in
which the F(x) demonstrates the objective function value. After the initialization phase,
the main loop of the algorithm is started based on the previously determined maximum
number of iterations (MaxIter). By consideration of a worst case scenario, each line
has a computational complexity of MaxIter in the main loop of the algorithm. In this
loop, four new seeds are created for each of the eligible seeds so the position updating
process in this matter has computational complexity of O(MaxIter*NP*D*4). In addi-
tion, the objective function evaluation in the main loop has computational complexity
of O(MaxIter*NP*4)*O(F(x)).

It should be noted that the CGO algorithm is a parameter-free metaheuristic approach in
which there is no any internal parameter to be defined throughout the optimization process.
In other words, one of the most remarkable aspects of this algorithm is its parameter-free
framework in which the exploration and exploitation phases of the algorithm are adjusted
through the main loop of the algorithm. In addition, the position updating process in this
algorithm is conducted in four separate phases in which the global and local searching of
the search space is satisfied in a more sensitive way which results in excellent responses.
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10 Conclusion

This paper develops Chaos Game Optimization algorithm based on some principles of
chaos theory. The mathematical model of this algorithm is formulated based on chaos
game methodology by considering the eligible configurations of fractals alongside the frac-
tals self-similarity issues. Four groups of mathematical test functions have been selected in
order to evaluate the performance of the new algorithm with a total number of six different
metaheuristic algorithms. A complete statistical analysis is conducted in order to provide a
valid judgment about the performance of the new algorithm. Some of the important results
of this paper is as follows:

e The CGO algorithm is superior to other metaheuristics in converging to the global
bests of the mathematical functions based on the selected tolerance.

e The results of the K-S test demonstrated that the maximum difference between the
CGO algorithm and the other metaheuristics are about FA in most of the cases.

e The results of the M—W test showed that the summation of the ranks for the CGO algo-
rithm in most of the cases are lower than the other metaheuristics.

e The results of the W test showed that the mean of the ranks for the CGO algorithm in
most of the cases are lower than the other metaheuristics.

e The results of the K-W test proved that the CGO algorithm is successful in outranking
the other metaheuristics for 2D functions in all of the cases such as the minimum, mean
and standard deviation values except for the number of function evaluations.

e The results of the K-W test showed that the CGO algorithm has the first ranking in
the minimum, mean and function evaluation values of the 50D test functions while the
SOS outranks the CGO in the standard deviation values. For the 100D functions, SOS
and WOA outranks the CGO in standard deviation and function evaluation respectively.

e The overall comparing of the CGO and the other metaheuristics considering all of the
2D, 50D and the 100D test functions demonstrate that the CGO the best algorithm in
all of the cases.

e The comparative results of the CGO algorithm in dealing with the test functions pro-
vided by the CEC 2017 competition demonstrates that CGO is capable of providing
very acceptable results in dealing with these test functions with different dimensions
comparing to the other equipped algorithms.

For the future challenges, the different applications of the presented algorithm can be
considered based on the fact that the capability of this algorithm should be checked in
dealing with difficult other problems. Besides, the new configurations of this algorithm can
be considered based on the fact that the researches may have different opinions about the
presented methodology of the CGO.
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1105).

Funding This study was funded by the University of Tabriz (Grant Number 1105).
Compliance with ethical standards

Conflict ofinterest Authors have received research grant from the University of Tabriz (Grant Number 1105).

@ Springer



S.Talatahari, M. Azizi

Appendix

Matlab code for the CGO algorithm.

oe

Chaos Game Optimization (CGO) source codes version 1.0
Programmers and Authors: Siamak Talatahari & Mahdi Azizi
E-mails: siamak.talat@gmail.com & mehdi.azizi875@gmail.com
clc; clear all;

o0 oo

%% Get Required Problem Information

ObjFuncName = @ (x) Sphere(x); % @Cost Function

Var Number = 10; % Number of variables;

LB = -10 *ones(1l,Var Number); % Lower bound of variable;

UB = 10 *ones(l,Var_ Number); % Upper bound of variable;

o

% Get Required Algorithm Parameters
MaxIter = 100; % Maximum number of generations;
Seed_Number = 25; % Maximum number of initial eligible points;

o

e

5% Outputs:

BestSeed (Best solution);

BestFitness (final Best fitness)
Conv_History (Convergence History Curve)

o° oo

o

%% Initialization
for i=1:Seed Number
% Initializing the Position of initial eligible points

s

Seed (i, :)=unifrnd (LB, UB);
% Initializing the fitness of initial eligible points
Fun_eval (i, :)=feval (ObjFuncName, Seed(i,:));

end

%% Search Process of the CGO
for Iter=1:MaxIter
for i=1:Seed_ Number
% Update the best Seed
[~,idbest]=min (Fun_eval);
BestSeed=Seed (idbest, :) ;
%% Generate New Solutions
% Random Numbers
I=randi([1,2],1,12); % For Beta and Gamma
Ir=randi([0,1],1,5); % For Alpha
% Random Groups
RandGroupNumber=randperm(Seed Number, 1) ;
RandGroup=randperm (Seed Number, RandGroupNumber) ;
% Mean of Random Group
MeanGroup=mean (Seed (RandGroup, :)) . * (length (RandGroup) ~=1) ...
+Seed (RandGroup(1,1), :) * (length (RandGroup) ==1) ;
% New Seeds
Alpha (1, :)=rand(1l,Var Number) ;
Alpha(2,:)= 2*rand(1l,Var_Number)-1;
Alpha(3,:)= (Ir(l)*rand(1l,Var_ Number)+1);
Alpha(4,:)= (Ir(2)*rand(l,Var Number)+ (~Ir(2)));
ii=randi([1,4],1,3);
SelectedAlpha= Alpha(ii,:);
NewSeed (1, :)=Seed (i, :)+SelectedAlpha(l,:).* (I (1) *BestSeed-
I(2)*MeanGroup) ;
NewSeed (2, :)=BestSeed+SelectedAlpha (2, :) .* (I (3)*MeanGroup-
I(4)*Seed(i,:));
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NewSeed (3, :) =MeanGroup+SelectedAlpha (3, :) .* (I (5) *BestSeed-
I(6)*Seed(i,:));
NewSeed (4, :)=unifrnd (LB, UB) ;
for j=1:4
% Checking/Updating the boundary limits for Seeds
NewSeed (j, :)=bound (NewSeed (j, :),UB, LB) ;
% Evaluating New Solutions
Fun_evalNew (j, :)=feval (ObjFuncName, NewSeed(3j,:));
end
Seed=[Seed; NewSeed];
Fun_eval=[Fun_eval; Fun_evalNew];
end

% Update the best Seed
[Fun_eval, SortOrder]=sort (Fun_eval);
Seed=Seed (SortOrder, :) ;
[BestFitness, idbest]=min (Fun eval);
BestSeed=Seed (idbest, :) ;
Seed=Seed (1:Seed Number, :);
Fun_eval=Fun_eval (1:Seed_Number, :);
% Store Best Cost Ever Found
Conv_History(Iter)=BestFitness;
% Show Iteration Information

disp(['Iteration ' num2str(Iter) ': Best Cost = '
num2str (Conv_History(Iter))]);
end

%% Boundary Handling

function x=bound (x,UB,LB)

x (x>UB) =UB (x>UB) ; x (x<LB)=LB (x<LB) ;
end

%% Objective Function
function z=Sphere (x)
z=sum(x."2);

end
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