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1) The active disturbance rejection mechanism of PID controller is clarified for the first time. 

2) A new and simple disturbance rejection PID control scheme is proposed. 

3) New internal stability conditions for PID control are established. 

4) The proposed PID control systems have infinite gain margin. 
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Abstract—In this paper, a new disturbance rejection proportional–integral–derivative (DR-PID) scheme is proposed for a class of 

minimum phase plants with low relative order. The essential ADR mechanism that is otherwise hidden in PID control structure has been 

illuminated and clarified in this paper for the first time.The proposed DR-PID scheme is derived on the basis of a modified disturbance 

observer to embed the active disturbance rejection mechanism seamlessly in the classical PID structure. Such a DR-PID scheme is 

implemented in a typical two-degree-of-freedom control structure that contains a standard PID controller and a pre-filter. The internal 

stability condition is established by investigating the closed-loop poles according to Rouche’s theorem. The ensuing internal stability 

condition provides effective guidelines for DR-PID design that has infinite gain margin with minimum plant information. Five numerical 

comparisons are performed to illustrate the effectiveness of the new DR-PID scheme. The physical realizability of the proposed DR-PID 

scheme is also demonstrated by experiments on a magnetic levitation system. 

Index Terms—active disturbance rejection (ADR), disturbance observer (DOB), PID control, internal stability. 

 

1. INTRODUCTION 

The classical proportional–integral–derivative (PID) controller is known to be the most widely and successfully used controller 

in industry engineering owing to its simplicity and robustness. Although fruitful modern control theories have been proposed over 

the past decades, the PID controller and its variations continue to dominate over 90% of the control loops in process control [1]-[8]. 

Some famous tuning rules have been proposed to enhance the control performance of PID controllers [9]-[20], and they include the 

Ziegler-Nichols (ZN) tuning rules [9], [10], [13], direct synthesis (DS) method [15]-[18] and internal model control (IMC) method 

[19]-[23]. The latest developments are reported at the 3
rd

 IFAC conference on advances in PID control [2], [6].  

Many studies have focused on PID control in the contexts of control theory and engineering, but the principle of performance 

adjustment in PID control remains unclear. For examples, 1) the integral action in PID works to eliminate steady-state errors and 

reject disturbance, but the practical experience tells us that the control performance is hardly improved by solely tuning integral 

parameter since all the parameters are coupled in controller tuning; 2) As an error-driven approach, PID control still needs rich 

plant information for high-level control. Actually, only small amount of plant information is critical for controller design, such as 

the relative order and high-frequency input gain. How to utilize such limited plant information for PID control performance 

enhancement is still unknown.  

For many process control applications, disturbance rejection performance is more important than the purely set-point tracking. 

Thus, some modified PID controllers, called disturbance rejection PID (DR-PID), have been proposed to improve the control 

performance, along with the assumption that the plant model is known exactly [24-28]. Sensitivity function analysis is a convenient 

and classical technique for the design of disturbance rejection controllers. This method is often formulated and solved by model 

matching and model reduction. One example is the DS-PID controller design for a first-order plus time-delay model, 
1

=
sKe

s
G








; it 

can be formulated as follows [27] 
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Different choices of the desired model in (1) lead to different PID formulations. This characteristic has popularized the research 

and application of the DR-PID method in process control [25], [29]-[33]. Sun et.al. [25] developed an optimal disturbance rejection 

PI controller with constraints on relative delay margin. Middleton et. al. [32] investigated the relationship between input 

disturbance response and robustness for some slow and stable open-loops. Lee et. al. [33] extended the standard IMC design 

approach for 2DOF controllers to shape and improve their disturbance rejection response. Obviously, the development of DR-PID 

design is mainly in the framework of sensitivity function analysis [19]-[23], [29]-[33]. Two basic problems exist in the current 

framework, including 1) it only considers the external disturbance rejection but ignores the internal disturbance/uncertainties; and 

2) it shapes the sensitivity function to limit the disturbance transmission channel but with no disturbance estimation and 

compensation.  

It is also noted that the disturbance rejection issue is effectively solved in the framework of active disturbance rejection (ADR) 

schemes because they have explicit feedback mechanisms for performance tuning. Realizing high-level control is possible with 

ADR schemes, which include active disturbance rejection control (ADRC) [34]-[36], disturbance-observer-based control (DOB) 

[37], [38], and equivalent input disturbance (EID) control [39],[40]. These ADR schemes are often considered more accurate and 

efficient than PID controllers even though they are in some cases equivalent. Thus, can a PID control system achieve the same 

performance as ADR systems? If yes, how does the disturbance rejection mechanism work in a PID controller? These fundamental 

problems remain unsolved in PID control. 

Current studies indicate that the disturbance rejection mechanism in PID controllers remains lacking. Thus, an effective DR-PID 

scheme is worth developing and studying. Such a scheme must be robust against system uncertainties and superior in the 

performance of tracking. In reference to previous work [24]-[33], this study bridges the gap between PID control and DOB control 

to explore the essential ADR mechanism in PID controller. The proposed DR tuning rules for PID controller are very simple and 

effective. This method will bring vast control performance enhancement to the PID control community. The main contributions of 

this work are summarized as follows. 

1) The essential ADR mechanism inherent in the PID structure is illuminated and clarified for the first time, in contrast to the 

current studies  [24]-[33] where the disturbance rejection property of PID controllers is mainly evaluated in term of 

sensitivity function.  

2) Very simple and practical tuning rules for PID controller are developed to realize the high-level control as ADR schemes. 

Although there exist many effective PID tuning rules, most of them are heavily dependent on rich plant information. The 

proposed DR-PID controller only utilizes some critical plant information and shares the same bandwidth tuning rules as 

the cases of ADR schemes. 

3) Internal stability for the DR-PID control system is developed and the obtained stability conditions provide guidelines for 

controller design and give deep insight into ADR mechanism of PID controller. 

The remainder of the paper is organized into six sections. In Section 2, the design problem for DR-PID is stated, and the 

formulation of DR-PID is provided in a modified DOB framework. In Section 3, the theoretical results for internal stability are 

presented. The proposed DR-PID system design is also explored here. In Section 4, numerical simulations are presented to make 
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comparisons between the DR-PID scheme and the DS-PID scheme [27]. In Section 5, the experimental results of the proposed 

DR-PID are given. In Section 6, conclusions are presented with final remarks. 

2. PROBLEM FORMULATION AND DR-PID 

The minimum phase (MP) condition on a plant is a strict physical constraint on control performance. This condition is fully 

considered in the ADR schemes to generate completely different analysis and design manners for MP and non-minimum phase 

(NMP) systems [41], [42]. As we knew, MP systems with low relative order stand for a large group of industrial plants. Thus, many 

research works have paid great attention to such systems [43], [44]. In this section, DR-PID design problem for MP plants is 

presented first. Then, the formulation of DR-PID scheme is developed on the basis of a modified DOB approach [42]. 

2.1 Problem formulation 

Throughout this work, we let ( )a s  be a polynomial with a real coefficient and the degree of ( )a s  as deg[ ]a , and the relative 

order of a transfer function ( ) ( ) / ( )G s b s a s  is denoted as .deg[ ] deg[ ] deg[ ]r G a b  . We consider plant ( )G s  with relative 

order .deg[ ] (0,2]r G   belonging to a set   defined by [37] 

1

1 0

1

1 0

( )
= ,

: [ , ], [ , ]

n l n l

n l n l

n n

n n

i i i i i i

b s b s b
G s

a s a s a

a a a b b b

  

  





   

   
 

    
 

  

                                                                   (3) 

where n  and .deg[ ]l r G  are positive integers; all , ,i i ia a b  
 and ib

 are known constants; and the intervals [ , ]n na a 
 and 

[ , ]n l n lb b 

   does not contain zero, such that the relative degree of the plant does not change. Classical examples include a spring 

oscillator, pendulum, and damped vibration [3]. 

The traditional control system based on PID is presented in Fig. 1. The system comprises a plant ( )G s , PID controller ( )C s  and 

pre-filter ( )F s  [19], [20]. We restrict our attention to the PID controller in the PI-PD form 

 ( ) 1 1 ( ) ( )i

pi pd d pi pd

k
C s k k k s C s C s

s

 
    

 
.                                                               (4) 

where 
pik , 

ik  are parameters of PI controller ( )piC s , and  
pdk  and  

dk  are parameters of PD controller ( )pdC s . The pre-filter 

( )rF s  is determined in relation to the design of the PID controller.  

The traditional PID controller provides an effective and easy manner to construct error-driven feedback but it is hard to obtain 

the relationship between the control performance and controller parameters. Many research works have paid great attention to 

solve this problem over past decades and most of the existing works often require plant model for PID controller tuning. We also 

note that, rather than the precise plant model, only some critical plant information is necessary for high-performance control in the 

framework of ADR schemes [34]-[40], because they have explicit feedback mechanisms for performance tuning, such as 

disturbance estimation and active compensation, which is exactly the most lacking in PID controller. Thus, a fundamental problem 

arises naturally: what’s the basic tuning mechanism in PID controller for reference tracking and disturbance rejection? To solve 

this problem, this study investigates the PID tuning mechanism through a modified DOB scheme, such that the PID controller and 

the pre-filter ( )rF s  in Fig.1, can be designed explicitly by disturbance rejection mechanism. 
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Figure 1. Typical 2DOF control structure with PID controller 

2.2 Formulation of DR-PID based on modified DOB 

We consider the disturbance rejection problem for the linear plant ( )G s  as 

 y G u d  ,  

where u, d, and y are the control input, external disturbance, and plant output, respectively. To achieve our goal, we introduce 

( )pdC s  for pre-compensation with pd du C u  and proceed with the treatment as follows 
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and RH  is a stable and minimum-phase transfer function with a desired performance for the closed-loop system. The 

newly-defined total disturbance f  includes two components, namely, internal disturbance 
1f  due to the mismatch between the 

compensated plant pdGC  and the desired model RH  and 2f  caused by external disturbance d. A large matching error 

( )pd RCG H  causes a large 
1f , which in turn causes poor transient performance or even damages internal stability. Thus, reducing 

( )pd RCG H  helps enhance stability and performance improvement. This modified DOB scheme is motivated by the well-known 

DOB methods [38] and is well investigated in [42]. The main difference is that a stable and minimum-phase transfer function 
1

RH 
 

is used instead of the inverse of the nominal plant 
1

nG 
. Hence, the potential problems caused by unstable pole and zero 

cancellations are avoided. 

In this paper, we mainly consider the DR-PID controller design for MP plants with low relative order 0 2l  . We can find that 

.deg ][ 1pdGr C   is consistent with the proper selection of ( )pdC s  when 0 2l  . To achieve the order matching between pdGC  

and RH , we specify  

1
( )

1
R

c

H s
s




,                                                                                           (5) 

where 0c   is a specified time constant of RH . A low pass Q-filter is taken as 
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1
( )

1q

Q s
s




,                                                                                           (6) 

where 0q   is a positive time constant that determines the bandwidth of the Q-filter, such that 
1

RQH 
 is proper and can be 

implemented. A modified DOB scheme is given in Fig. 2. Then, the proposed DR-PID controller is formulated to be 
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( ) 1 1
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 .                                                                                      (6) 

Thus, we have /pi c qk    and 1/i ck  . With 
c  specified previously,  q ,  pdk , and 

dk  will be designed in the following 

sections. As shown in the above deduction, PID control in 2DOF is equivalent to the modified DOB scheme and the essential 

ADR mechanism of PID controller can be clarified explicitly. In particular, we can set =0dk  to realize order matching for the 

case of 1l  , which indicates that PI controller is sufficient for disturbance rejection control in this case.  

-

-

Compensated plant

DOB

—
    Pre-filter                     PID controller

+

+

+

+

+

+

+

 

Figure 2. Proposed DR-PID under a modified DOB framework 

3 ROBUST INTERNAL STABILITY AND DR-PID DESIGN 

This section presents the internal stability theorem for the DR-PID control system. Furthermore, the design procedure is 

provided on the basis of the stability condition. 

3.1 Robust internal stability 

Internal stability is a basic requirement for a practical closed-loop system. Herein, we provide the internal stability of DR-PID 

control systems. q  is an important parameter in DOB control systems and is often required to be a small time constant for 

improved control performance, as discussed in most of the studies on disturbance rejection approaches [34]-[40]. In the current 

work, internal stability is investigated with q  in the explicit form. In Fig. 2, ( )G s , ( )pdC s , ( )RH s , and ( , )qQ s   are the coprime 
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polynomial fractions; specifically, 
( )

( )
( ) g

g

b s

a s
G s  ,  ( )

( )
( ) d

d

b s

pd a s
C s  , ( )

( )
( ) h

h

b s

R a s
H s  , and 

( )

( )
( , ) q q

q q

b s

a s
Q s




  . According to the stability 

results in [46], the feedback system is internally stable if, and only if, the characteristic polynomial is Hurwitz: 

( , ) ( ) ( , ),c q q q qp s a s s     

where 

 

   

( , ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ),

( ) 1 ( 1) .

q d g h q q q q

d g h q q

g pd cd gq

s a s a s b s a s b s

b s b s a s b s

a s k ks s sb s

   







 



  

                                                                (7) 

The closed-loop system is robust internally stable if it is internally stable for all ( )G s  . In the following discussion, robust 

internal stability conditions for 0q   are explored by assessing all roots of ( , ) 0qs   . 

Following the order matching requirements, we set 0dk   for 1l   and 0dk   for 2l  . Thus, we have deg[ ]d g hb b a n . The 

highest power of s  in ( , )qs   with 0q   is deg[ ] 1d g h qa a b a n  . Thus, 1n  roots of the ( , ) 0qs    exist.  

For the limit case 0q  , it yields ( ,0) ( ) ( ) ( )d g hs b s b s a s  , such that the Hurwitz condition of ( ,0)s  holds in nature when the 

plant has no right half plane (RHP) zeros, indicating that the control system has strong stability robustness [38]. Motivated by this 

fact, we consider all the roots of the characteristic equation ( , ) 0qs    in the limit case 0q  . 

We rewrite the formula as 1 2( , ) ( ) ( , ) 0q qs s s      , where 

   

 

1

2

( ) ( ,0) 1 ( ) ,

( )
( , ) 1 1 ( ) 1 ( ).

( ) (

1

)

pd d g

R

q

c

q q q

pd

s s k k s b s

H s
s Q s a s

G s C s

s 

  





  


  
          





 

We then let / qs S  .  0q   is equivalent to s  . On the basis of this equation, we can derive the limiting case 0q   for 

2 ( , )qs  , that is, 

 2 2
0

( ) lim ( , ) 1 ( ) 1 ( ),
q

q qS s Q S a S


   


       

where 

( )
lim 1 ,

( ) ( )

R

s
pd

H s

G s C s




 
  

  

 

Thus far, with all the components introduced, the following lemmas are used to discuss the properties of the roots of ( , ) 0qs  

.  

Lemma 1 (Rouche’s theorem, [47]): Let ( )s  and ( )s  respectively be analytic on and inside a simple closed curve C, with 

( ) ( )s s   on C. Then, ( )s  and ( ) ( )s s   have the same number of roots inside C. 

Lemma 2 Let 
* * *

1 2, , ns s s  be the roots of 1( ) 0s  . Then, for a sufficiently small 0q  , there exists n  roots of ( , ) 0qs   , say 

( )i qs  , 1, ,i n , such that *

0
lim ( )
q

i q is s





 . 

Proof: Given 0  , a constant 0     exists such that 1( ) 0s   has no root inside the closed curve  

 * *( , ) : :i iC s s s s     for each 1, ,i n , except 
*

is . 1( )s  and 1( ) ( , ) ( )qg qa s ss s     are continuous inside 
*( , )iC s  , 
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resulting in bound values   and   for 
1( )s  and ( )g qa s s , respectively; that is 

1( )s   and ( )q ga s s  , respectively. A 

positive constant q  exists, such that for 0 q q   , q    holds, with /q    inside 
*( , )iC s  . 

By applying Rouche’s theorem [47] with 
1( ) ( )s s   and ( ) ( )g qa ss s  , we conclude that ( , )qs   has the same number of 

roots as  
1( )s  inside closed curve 

*( , )iC s  . Given that 
1( ,0) ( )s s  , the claim *

0
lim ( )
q

i q is s





 , 1, ,i n  holds.  

Lemma 3 Let 
*S  be the roots of 

2 ( ) 0S  . Then, for a sufficiently small 0q  , there exists a root of ( , ) 0qs   , 1( )n qs  , 

such that *

1
0

lim ( )
q

q n qs S


 


 . 

Proof: Applying Lemma 1 with 
2( ) ( )s S   and 

 

2 2( ) ( , ) ( )

( / ) ( )
lim 1 ( ) ( ),

( / ) ( / ) ( ) ( )

q

R q R

q
s

q pd q pd

s s S

H S H s
Q S a S

G S C S G s C s

   



  

 

 
   
 
 

 

for a sufficiently small q , we have  

( / ) ( )
lim 0,

( / ) ( / ) ( ) ( )

R q R

s
q pd q pd

H S H s

G S C S G s C s



  
   

which leads to ( ) ( )s s  . Similarly to the proof in Lemma 1, ( , )qs   has a root 
1ns 
 being closed to * / qS  , satisfying 

*

1
0

lim ( )
q

q n qs S


 


 . 

The following theorem based on Lemmas 2 and 3 presents conditions for robust internal stability.  

Theorem 1. A constant 0q   exists, such that for all 0 q q   , the closed-loop system has robust internal stability if the 

following conditions hold: 

(C1)  .deg[ ] .deg[ ] .deg[ ]pd Rr C r G r H  ; 

(C2) ( )G s  has no RHP zero, or ( )gb s  is Hurwitz; 

(C3) ( )pdC s  has no RHP zero, or ( )db s  is Hurwitz; and 

(C4) 
2 ( )S  is Hurwitz for all ( )G s  . 

Proof. (C1) can be viewed as the order-matching condition; thus, det[ ] det[ ]d g h d g ha a b b b a . (C2) and (C3) guarantee 1( )s  is 

Hurwitz. With 1 2( , ) ( ) ( , )q qs s s     , (C4) indicates that the closed-loop system has robust internal stability when 0q  . Thus, 

the proof follows from Lemmas 2 and 3 that a constant 0q   exists, such that for all 0 q q   , the closed-loop system has 

robust internal stability. □  

Remark 1: Theorem 1 shows that the robust stabilization against large uncertainties comes from the high-frequency model 

matching between ( )RH s  and  ( ) ( )pdG s C s . The condition (C4) holds automatically by the design of ( )pdC s  to let 0   (or 

( ) ( )pd RG HC    ), such that 2 ( ) ( )qS a S   is Hurwitz for all ( )G s  .  

3.2 Design of DR-PID 

The internal stability conditions suggest some guidelines to design the DR-PID controller. The condition C(1) provides an 
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order-matching constraint on ( )pdC s  such that .deg[ ] 1pdr GC  , which indicates that  

 

, 1
( )

21 ,

pd

pd

pd d

k l
C s

lk k s

 
 



. 

C(2) and C(3) require the minimum-phase of plant ( )G s  and the controller to have 0dk  . C(4) indicates how to select ( )pdC s  

with robustness. Clearly, if 0  , then the Hurwitz condition of 
2 ( )S  is satisfied for  0q  , which also provides a small 

mismatch in the sense that ( ) ( ) ( )pd RG j C j H j    . If the high-frequency gain of the plant is available, we set 

, 1

, 1, 2

n

pd

n l

n

c

c

pd d d

n l

a
k l

b

a
k k k l

b










 



   


. 

Furthermore, the stable range of q  can be determined for the nominal model. Denote 

2

1

( , )
( , ) ( , ) 1 ( ),

( )

q

q q q q

s
s s a s

s

 
   


       

where  

 
( )

( , ) 1 1 ( ) .
( ) ( )

R

q q

pd

H s
s Q s

G s C s
 

 
    

 
 

 

The Hurwitz condition for 2 ( , )qs   can be explained by the Nyquist criterion. The Nyquist plot of ( , )qs   does not touch the 

critical point (−1,0) for 0 q q   . The distance   from the critical point (−1,0) to the nearest point on the Nyquist plot of 

( , )qs   is equal to 

1

1

( ) inf 1 ( , )

1
sup

1 ( , )

1
.

1 ( , )

q q

q

q

j

j

s





   

 









  

 
 

  




 

Thus, if ( ) 0q   , then the Nyquist plot passes through the critical point and one of the roots of 2 ( , )=0qs   located at the 

imaginary axis. Thus, q  can be determined by  

1

1
inf : 0 .

1 ( , )
q q

qs
 







 
 

  
  

                                                                       (8) 

For simplicity, we can take the value of [0, )q q   as small as possible to meet the performance requirements.  

Thus, the proposed DR-PID controller can be summarized as follows: 
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c q
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,                                                                                     (9) 

    

/

1

2 :

/

pi

i

n

pd

n

c

d

c

l

q

c

k

k

l a
k

b

k

 















 



 

,                                                                                    (10) 

where 0   is a free parameter to weight P, I, D three terms in PID controller. The tuning rules (9) and (10) can be used for a wide 

class of MP plants with relative order .deg[ ] 2r G  , as well as for some high-order systems and unstable systems. If the relative 

order of plant .deg[ ] 2r G  , then we simply conduct model reduction to obtain *G G , resulting in 
*.deg[ ] 2r G  . Then, we can 

still apply (9) and (10) to *G . 

Remark 2: Based on the stability condition in Theorem 1, some specific plant information (relative order and high-order gain of 

the plant) are necessary for DR-PID controller in (9) and (10). The relative order of the plant is used to realize order matching in 

(C1) and the high-order gain plays an important role in robust stability condition (C4). These plant information have cooperated in 

DR-PID tuning rules (9) and (10).  

Remark 3: With (9) and (10), reformulate (4) in the typical PID controller form 

1
1 , 1

( ) 1 1 1 1
1 , 2

P I D

q

PP

q q

n

n l c

n n c

n l c c n l c c c

K K K

a
l

b s

C s a a
s s l

b

KK

s b s





   






    



 

  
   

 


     
           

    





.                               (11) 

Some interesting properties are observed: 1) according to the robust stability conditions (C4), the closed-loop system is table in the 

limiting case 0q  , which indicates the control system possesses infinite gain margin; 2) in the framework of DOB scheme, a 

small q  contributes the powerful ADR capability, but it also brings large derivative gain in DR-PID. Thus, there will be a tradeoff 

between control performance and excessive control input; 3) in the proposed PID controller (11), the input gain  /n n la b   always 

appears together with q , which means that the uncertainty of input gain can be well tolerenceted by a small value of q ; 4) in PID 

controller case, c n

qc

P

n l

a

D I b

K

cK K










    is purely dependent on the input gain /n n la b   and q , which provides some potential 

methods to limit D-action; 5) Typically for 1  , a fast (slow) plant with a small (large) c   requirment indicates I DK K  

( )I DK K , which can be well understood by our experience that PI-dominanted controller is good enough for a motion control 

system while D-action is often necessary in PID controller for a process control system; 6) three parameters ( , , )c q    of the 

proposed DR-PID provides a mapping to the parameters ( , , )P I DK K K  of the classical PID. Especially, when c  and q  are 

specified previously, the parameter   can be used to adjust the weight of PK , IK , DK . Therefore, the flexibility of the classical 

PID controller is well retained in the proposed DR-PID. 

Remark 4: In the proposed DR-PID scheme, a low-pass filter can be inserted in the feedback channel to filter the system output 

Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof



10 

 

when the measurement noise is not neglectable, or to filter the control input when large derivative action generated by PID 

controller. For simplicity, one can set ( ) ( )yF s Q s  or ( ) ( )uF s Q s . 

Remark 5: As a famous ADR scheme, ADRC inherits from PID [34] with a natural connection between ADRC and PID in 

philosophy and methodology. Especially, linear ADRC (LADRC) [48]-[50] is considered as a generalized PD controller under 

feedback linearization via an extended state observer (ESO). A recent study [51] discusses the characteristics of second-order 

LADRC in PID interpretation. Different from these studies [48]-[51], we derive simple and practical tuning rules for DR-PID 

controller based on a modified DOB scheme for low relative order plants. The performance comparisons will be performed in 

experimental studies. 

4 NUMERICAL EXAMPLES 

In this section, we employed the above method to illustrate the proposed DR-PID scheme for several common types of 

process models, such as the plants with relative order 1, plants with relative order 2 and plants with high relative order.  

PID controller is powerful to hand some first-order/second-order plants if system models are available. DS-PID [27] is a typical 

disturbance rejection control method based on sensitivity function synthesis  

( ) ( )
( )

( ) 1 ( )C( )
yd

y s G s
G s

d s G s s
 


.                                                                          (12) 

Table I. DR-PID for plant with relative order 1 

Plant  

DS-PID in [27] 

1
1c d

i

K s
s




 
  

 
 

The proposed DR-PID 

 1 1i
pi pd d

k
k k k s

s

 
  

 
 

1

K

s 
 

2 2

2

( )f

c

f

K
K

  



 
  , 

2 2( )f

i

  




 
 , 0d   

/

1 /

0

c qpi

i

n
pd

n l

d

c

c

k

k

a
k

b

k

 














 

 in  (9)  

K

s
 

2
c

f

K
K

  , 2i f  , 0d   

( 1)

( 1)

aK s

s s








 

3

(3 )( )
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f a a
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f a

K
K

   

 

 



, 3i f a    ,

2 3 23 3
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d
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1 2

( 1)
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2 3

1 2 1 2

3
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( )

f a a f a f

c

f a

K
K

         

 

    



 

2 3

1 2 1 2

1 2 1 2

3 [ ( ) ](3 )

( )
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3 2

1 2 1 2 1 2

2 3

1 2 1 2

( ) 3 (3 )

3 [ ( ) ](3 )

a f f a f a

d

f a a f a f

           


         

    


    
 

 

Table II. DR-PID for plant with relative order 2 

Plant  

DS-PID in [27] 

1
1c d

i

K s
s




 
  

 
 

The proposed DR-PID 

 1 1i
pi pd d

k
k k k s

s

 
  

 
 

( 1)

K

s s 
 

3

3 f

c

f

K
K

 


  , 3i f  , 

2 33
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f f
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/

1 /
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i

n
pd

c q
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d
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k

k

a
k
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k 

 



 










 

 in (10)  
1 2( 1)( 1)

K

s s  
 

3

1 2

3

3 f f

c

f

K
K

   




 , 

3

1 2

1 2

3 f f

i

   


 


 , 

2 3

1 2 1 2

3

1 2

3 ( )

3

f f

d

f f

     


   

 



 

2 2 1

K

s s  
 

2 3

3

3 f f

c

f

K
K

  




  , 

2 3

2

3 f f

i

  





 , 

2 2 3

2 3

3 2
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f f
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f f
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The formulations of DS-PID for some typical plants are given in Table I and Table II. 

To provide fair comparisons, the DS-PID controller was tuned by different selections of f . Step response and load disturbance 

response are considered in the simulations. Two metrics were used to evaluate controller performance, including the 

integrated-time-absolute-error (ITAE) and integrated-square-error (ISE)  

0
( )ITAE t e t dt



 ,                                                                                 (13) 

2

0
( )ISE e t dt



 ,                                                                                   (14) 

since they are generally accepted as a good measure for tracking performance. These two metrics should be as small as possible. 

We take 1   in (9) and (10) as the defaulted value in the following numerical studies. 

4.1 Plant with relative order 1  

In this section, the proposed DR-PID is utilized to the control of the plant with relative order 1 in examples 1 and 2, including a 

stable first-order plant and an unstable plant.  

Example 1: first-order plant. Consider the following plant 0.8

1.2
( )=

s
G s


 and its normal model 1

1
( )n s

G s


  with a load disturbance 

( ) 1( 10)d t t   acting at the plant input to demonstrate the efficacy and superiority of the proposed DR-PID scheme. A small value 

of 
c  in ( )RH s  will generates a fast response. In this example, the desired closed-loop model is chosen to be 5

5
( )R s

H s


 . 

With the calculating of the stability bound by (8), the stability range is determined [0, )q   . Then, 1/ 50q   is chosen for 

Q-filter 50

50
( )

s
Q s


 . For the first-order plant, the relative order is 1l  . The DR-PID scheme is realized with (9) to have 10pik   , 

5ik  , 5pdk   and  0dk  . We make comparisons with DS-PID scheme [27] with the results in Figs.3, 4 and Table III. 

  

Figure 3. Control performance of Example 1                                           Figure 4. Bode plots of sensitivity function of Example 1 

Fig. 3 shows the simulation results with the set-point response and load disturbance response. As seen in Fig. 3, the proposed 

DR-PID scheme and the best case of DS-PID scheme with 0.3f   both have very small ITAE and ISE values on set-point 

response. However, a close inspection of Fig. 3 shows the two index values of DR-PID scheme being less than 41 10 , which are 

much smaller than the value of DS-PID scheme. In addition, no overshoot or oscillation phenomenon is observed in the tracking 

performance when the proposed DR-PID performed in Fig. 3. Thus, the proposed DR-PID scheme will be much more desirable and 

applicable in practice industry than DS-PID scheme [27].  
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Table III: ITAE and ISE index of Example 1 

Tuning methods 
Set-point disturbance 

ITAE ISE ITAE ISE 

DS-PID 

[27] 

0.3f 

 
0.076 0.1013 0.058 0.0063 

0.8f 

 
1.043 0.4483 1.229 0.1067 

1.2f 

 
4.929 1.0362 4.830 0.3323 

DR-PID 

(new) 

1/ 5

1/ 50

c

q









 

0.0333 0.0961 
-48.24 10

 

-53.884 10  

 

Fig. 4 shows the sensitivity functions for two resultant systems obtained by the proposed DR-PID scheme and DS-PID scheme. 

The time response performance can be well explained by sensitivity functions in the frequency domain. As shown in Fig.4, the 

sensitive function of DR-PID scheme is smaller than the case of DS-PID scheme in the low frequency range with less phase lag. 

The effect of the disturbance to system output can be limited greatly by the proposed DR-PID. Thus, the proposed DR-PID 

guarantees excellent reference tracking and disturbance rejection performance, which coincides with the properties of the DOB 

scheme.  

In sum, the above simulation results have substantiated the efficacy and superiority of the proposed DR-PID in comparison with 

the commonly used DS-PID scheme [27]. 

Example 2: unstable plant. Consider an unstable plant with right-half-plane (RHP) pole. The original plant 1.8( 0.8)

(3 1)( 3 0.9)
( )

s

s s
G s



  
  and 

its normal model 1.5( 1)

(2 1)( 3 1)
( )

s

n s s
G s



  
  are considered with load disturbance ( ) 1( 50)d t t  . This example is used to illustrate the 

effectiveness of the proposed DR-PID scheme to the unstable system. For this plant, the desired closed-loop model is chosen to be 

1

1
( )R s

H s


 , with stability range [0, 2.2222)q  . Clearly, the RHP pole of the plant shows non-ignorable limitations on the upper 

bound of q , such that, such that the Q-filter should be fast enough to make real time dynamic compensation for unstable plant. 

Then, 1/ 50q   is chosen for the Q-filter 50

50
( )

s
Q s


 . Since 1l  , DR-PID is implemented as PI controller and the parameters are 

determined by (9) to have  50pik   , 1ik  , 4pdk    and  0dk  . The comparisons results are given in Figs 5, 6 and Table IV. 
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Figure 5. Control performance of Example 2                                       Figure 6. Bode plots of sensitivity function of Example 2 

As shown in Fig.7, DS-PID controller generates large overshoot in the step response and disturbance response, while the 

proposed DR-PID almost keeps the desired control performance of the reference model ( )H s  even external disturbance occurring. 

These results can also be observed from the ITAE and ISE values in Table V. Fig.8 shows the sensitivity functions of the control 

systems in two schemes. The magnitude of sensitivity function in our case is much smaller than the ones in DS-PID scheme as well 

as less phase lag. In sum, these results verify the effective application of the proposed DR-PID to unstable plants. 

Table IV: ITAE and ISE index of Example 2 

Tuning methods 
Set-point disturbance 

ITAE     ISE ITAE ISE 

DS-PID 

[27] 

3.0f   36.337  1.8456   24.3745 0.5906 

3.5f   64.649 2.9164   57.0948 1.9092 

4.0f 

 
109.93 4.7913  115.6465 4.9315 

DR-PID 

(new) 

1

1/ 50

c

q









 

0.9689 0.4868  0.0050 -51.265 10  

 

4.2 Plant with relative order 2  

In this section, two examples are used to illustrate how the proposed DR-PID scheme works on the plants with relative order 2.   

Example 3: integral plant. Consider an integral plant with relative order 2 with 2

(2 1)
( )

s s
G s


 and its normal 1.8

(2.5 1)
( )n s s

G s


 . Set 

1/ 6c   for ( )H s , and the stable range is determined [0, 2.1739)q   for ( )Q s  and choose 1/ 70q  . Then, the proposed 

DR-PID scheme is realized in (10) to have 11.67pik   , 6ik  , 8.33pdk   and  1dk  . Fig 7 shows the step response with load 

disturbance ( ) 1( 10)d t t   for the proposed DR-PID scheme and DS-PID scheme with 0.3f  , 0.6f   and 0.9f  .  The 

comparisons are also made in Table V to illustrate the ITAE and ISE value of two schemes. The simulation results are confirmed by 

the sensitivity functions depicted in Fig 8. Therefore, the result indicates the effectiveness of the proposed DR-PID for integral 

plants with relative order 2. 
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Figure 7. Control performance of Example 3                                              Figure 8. Bode plots of sensitivity function of Example 3 

Table V: ITAE and ISE index of Example 3 

Tuning methods 
Set-point disturbance 

ITAE     ISE ITAE ISE 

DS-PID 

[27] 

0.3f   0.3414        0.2012   0.0176 
-42.2808 10

 

0.6f   1.3590 0.4021   0.2812 0.0073 

0.9f   3.0413 0.6022  1.4223 0.0555 

DR-PID 

(new) 

1/ 6

1/ 70

c

q









 

0.0338 0.0860  0.0020 
-61.2698 10

 

 

Example 4: unstable plant. Consider an unstable plant and its normal model described by 2.5

(12 1)( 5 0.9)
( )

s s
G s

  
  and 

2

(10 1)( 5 1)
( )n s s

G s
  

 , respectively. Since 2l  , the derivative term is used in DR-PID. The desired closed-loop model is chosen as 

10

10
( )R s

H s


  to achieve a fast system response. The stable range for q  is determined by (8), that is [0,0.9901)q   and 1/ 50q   

is chosen for the Q-filter.  
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Figure 9. Control performance of Example 4                           Figure 10. Bode plots of sensitivity function of Example 4 

Table VI: ITAE and ISE index of Example 4 

Tuning methods 
Set-point disturbance 

ITAE ISE ITAE ISE 

DS-PID 

[27] 

0.2f   0.1544 0.1471 -41.92 10  
-89.5370 10  

0.5f   0.9679 0.3690 0.0075 -69.3170 10  

0.8f   2.4886 0.5911 0.0492 -59.7620 10  

DR-PID 

(new) 

1/10

1/ 50

c

q









 

0.0244 0.0572 -58.8 10  
-92.9590 10

 

 

Fig. 9 presents the simulation results provided by the proposed DR-PID and DS-PID with 0.2f  , 0.5f   and 0.8f  . As 

shown in Fig. 9, the output of DR-PID system effective tracks the set-input even external disturbance ( ) 1( 25)d t t   occurring, in 

which the disturbance ITAE value is less than 
59 10  as shown in Table VI. Fig. 9 also shows that no overshoot phenomenon 

exists in the proposed DR-PID scheme. These results can be also observed by sensitivity functions in Fig. 10, which reflects the 

magnitude of sensitive function of the proposed DR-PID system much smaller than the ones of DS-PID systems in a wide 

low-frequency range.  

A further investigation is to discuss the parameter   in DR-PID. Fig. 11 presents the simulation results with =0.5 , =1  and 

=1.5  for this example. As depicted in (11), a small   increases the weight of proportional gain and integral gain in PID 

controller, and thus it further improves the disturbance rejection performance when c  and q  have been specified.  

In summary, these simulation results indicate the proposed DR-PID scheme can be successfully performed to the plant with 

relative order 2 and obtain perfect control performance. 
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Figure 11. Control performance of Example 4 with different value of  . 

4.3 Plant with relative order large than 2  

The proposed DR-PID can be implemented to the plant with relative order no more than 2. However, it is still desired to extend 

this scheme to high order system. We can employ the standard model reduction technology to solve this problem. 

Example 5: plant with high order. Consider a fourth-order plant with relative order 3 
2

( 3)

( 1)( 2)( 10 8)
( )

s

s s s s
G s



   
 . This plant is 

identified by system identification tool in MATLAB as 
2

0.1344

1.621 0.718
( )n s s

G s
 

 .   

We set 1c   for ( )H s  and 1/ 50q   for ( )Q s  from the stable range [0, )q   . The proposed DR-PID scheme is exploited 

to realize tracking control for such high order system, and the corresponding numerical results are illustrated in Fig. 12 and Table 

VII. As shown in Fig. 12, the step response with load disturbance ( ) 1( 25)d t t   is compared to the DS-PID scheme. No 

oscillation and overshoot are observed in our case because of the small magnitude of sensitivity function depicted in Fig. 13. Table 

VII indicates that the ITAE and ISE values of the proposed DR-PID are much smaller than the ones of DS-PID. 

In summary, the above simulation results indicate the effective and superior performance of the proposed DR-PID for high-order 

plants with relative order large than 2. 
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Figure 12. Control performance of Example 5                                    Figure 13. Bode plots of sensitivity function of Example 5 

Table VII: ITAE and ISE index of Example 5 

Tuning methods 
Set-point disturbance 

ITAE ISE ITAE ISE 

DS-PID 

[27] 

1.0f   2.3984 0.8381     0.4031 0.0035 

1.3f   2.9701 1.2191 1.1514 0.0131 

1.6f   6.1769 1.9314 2.6439 0.0367 

DR-PID 

(new) 

1

1/ 50

c

q









 

0.9686 0.5092     0.0054 
-61.8208 10

 

 

5 APPLICATION EXAMPLE 

This section presents the application results for the proposed DR-PID scheme and the traditional LADRC [48]-[50] scheme of a 

magnetic levitation system. Note that, the parameter 1/ c  in the desired model (5) plays the same role as the closed-loop 

bandwidth c  in LADRC, and the parameter 1/ q  in the Q-filter (6) is viewed as the bandwidth of disturbance observer is closed 

related to the bandwidth of ESO 
o . To make a fair comparison, we set  1/ c c   and 1/ q o   for two schemes in the following 

simulation and experimental studies.  

5.1 System description 

A laboratory-scale magnetic levitation system (MLS), made by GOOGOLTECH as shown in Fig.14, is used to evaluate the 

performance of the proposed DR-PID controller in MATLAB/SIMULINK environment. The structure of MLS is composed of the 

mechanical unit (an electromagnet, a metallic ball, and a laser sensor) and the control interface. The electromagnet is driven by the 

current to generate the electromagnetic force counteracting the gravitational force of the steel ball. The MLS levitates a metallic 

ball in the desired position by applying the voltage control input, which is converted into current via embedded driver. The position 

of the metallic ball is measured by a laser sensor, that is integrated with the magnetic suspension system, as shown in the schematic 

of Fig.15.  

The real-time control algorithm is implemented on a host PC with MATLAB/SIMULINK software. Real-time windows target 

communicates with the executable control program and interfaces with an advanced PCI-1711 I/O card. It is convenient for the 

designer to realize the controller in the MATLAB/SIMULINK environment. The sampling size is 1ms in the SIMULINK.  
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Figure 14. Experimental platform.                                                 Figure 15. A schematic of the magnetic levitation control system 

 

Table VIII: System parameters 

Parameters Value 

Mass m 94 g 

Coupling coefficient K 2.3142e-4Nm/A 

Equilibrium current i0 0.6105A 

Equilibrium position x0 20.0mm 

Gravitational acceleration g 9.8 m/s
2 

 

  The MLS system model is nonlinear with two states (i-current, x-ball position) 

22

2

d x i
m k mg

xdt

 
  

 
.                                                                           (15) 

where k  is a constant depending on electromagnet parameters, m is the mass of the metallic ball and g is the gravity acceleration. 

The value of these parameters are listed in Table VIII. the nonlinear form of MLS model in (15) is linearized for analysis of the 

system. The linearized is made around the equilibrium point 0 0( , )i x  to have 

2

1x

i As B

 


 
. 

where 
0 / 2A i g  and  

0 0/B i x . The control input and measure output of the system can be converted into voltage signals, to 

have  

( ) ( )

( ) ( )

in i

out x

u s k i s

u s k x s





. 

Then, the linearized transfer function model can be formulated as 

2

( ) 77.8421
( )

( ) 0.0311 30.525

out

in

u s
G s

u s s
 


.                                                               (16) 

5.2 Simulation results 

Comparative simulations based on MLS model in (15) with different value of 
q  ( o ) are performed to demonstrate the 
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efficacy of the proposed DR-PID regarding to LADRC. Set =1 , 1/ 20c   for the desired closed-loop model in DR-PID, 

accordingly with 20c   for LADRC. 

Two schemes are both applied to the above MLS model with four situations (i.e. 1/ 200q  ,  1/ 300q  , 1/ 400q   and 

1/ 500q  ) considered. In the step response, load disturbance ( ) 1( 15)d t t   is assumed to act at the plant input.  

Fig. 16 shows the simulation results that are synthesized by the two schemes with different value of 
q . As seen in Fig.16, 

system outputs of both two schemes track the desired setpoint. Although overshoots exist in our case with relative large settling 

time, a close inspection of Fig.16 shows no oscillations occur in our case and the peak value in the disturbance response of DR-PID 

scheme is smaller than the case of LADRC.  

 

Figure 16． Step response of MLS with four situations. 

5.3 Experiment results 

Experimental studies have been carried out on the MLS system by the proposed DR-PID and the traditional LADRC with the 

same parameters. We assume the high-order gain of the plant in the normal model (16) is known, which is also used in LADRC as 

a key parameter ‘ 0 2499.1b  ’. The real value of 0b  is actually varying with operation condition.  

Based on the previous simulation results, 1/ 20c   ( 20c  ) and 1/ 400q   ( 400o  ) are chosen in the experimental 

studies to adapt the 1ms sampling size. To implement the proposed DR-PID in the real system, an output filter ( ) ( )yF s Q s  is used 

to deal with the measurement noise. The metallic ball started was commanded to follow different desired positions ( ) 0.0084r t m

, ( ) 0.009r t m  and ( ) 0.0096r t m  with input disturbance ( ) 0.4d t   occurring at 15t s  25t s  and 35t s  respectively.   

Fig.17 illustrates the trajectory tracking using the proposed DR-PID controller. The position of the metallic ball tracks the 

desired position well under different operation conditions. When the external disturbance occurring, the ball leaves the set point but 

goes back to the desired position smoothly with no oscillation and very little peaking value. The results indicate the excellent 

performance of the DR-PID controller showing a good system stabilization, smooth disturbance rejection and small tracking error.  
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Figure 17. Experimental results based on DR-PID  
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Figure 18. Experimental results based on traditional LADRC 

Fig.18 depicts the tracking performance of the traditional LADRC under different operation conditions as considered in 

DR-PID. We can see that the external disturbance is rejected faster than our case when MLS operates at  ( ) 0.0084r t m  and 

( ) 0.009r t m . This result can also be observed from the simulation studies in Fig. 16. However, the system oscillation cannot be 

neglected in LADRC when ( ) 0.0096r t m , which shows that the system oscillation exists during the task execution. For such 

unstable nonlinear system, the closed-loop stability can be easily damaged by system oscillation. Clearly, in this experiment, the 

proposed DR-PID provides better robustness than LADRC to let MLS work well in a wide operation conditions. These results 

verify the effectivity of the proposed DR-PID controller on the MLS.  

5.4 Discussion 

The following results are obtained as shown in simulation and experimental studies. 

1) The proposed DR-PID scheme can reach a similar control performance as LADRC (observed from comparisons) and DOB 

scheme (as discussed in Section 2) if the relative order of the plant is not large than 2. It will bring great convenience for engineers 

to implement the PID controller for high-performance requirements.  

2) The proposed DR-PID shares the same bandwidth tuning rules as ADR schemes, that is, when the bandwidth of observer 

increases, the disturbance rejection performance can be improved. It also coincides with the theoretical and numerical results 

presented in [37],[44]. 

3) Comparing the system responses, we observe that the proposed DR-PID controller achieves a similar stabilization performance 

as the traditional LADRC but provides better robustness and less system oscillation.  

Therefore, based on these qualitative and quantitative results, in the same condition, the proposed DR-PID achieves the same or 

even better control performance compared with the traditional LADRC scheme on MLS.  

6 CONCLUSION 

A new DR-PID scheme is proposed on the basis of a modified disturbance observer framework. Such a scheme provides the 

same ADR characteristics in most of disturbance rejection control schemes, but retains the PID structure familiar to practitioners. 

Theoretical results on the internal stability are obtained by investigating the characteristic equation of the closed-loop system and 

provide effective guidelines for the design of DR-PID. A simple yet effective DR-PID tuning rule is obtained, which helps 

engineers overcoming the bottleneck of PID tuning in meeting ever higher performance requirements. 
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Five numerical examples are provided to show the excellent performance of the proposed DR-PID relative to a typical 

disturbance rejection PID scheme. The performance of the proposed DR-PID is tested and compared in a real MLS with a 

traditional LADRC controller. The experiment highlights the outstanding performance of the DR-PID controller with respect to the 

different operating conditions in stabilization and disturbance rejection tasks. 
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