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In a leaky tree-structured pipe network, transient head and discharge at a measurement
location arise from a superposition of the waves along the set of pipes linking the measure-
ment location to each boundary node. Moreover, the solution can be split into a leak-free
part and a term that accounts for the scattering from the leak, the latter varies linearly with
leak size and nonlinearly with leak location. It is then shown that if the head adjacent to
each boundary node is measured, any reasonably-sized leak can be uniquely and efficiently
identified by the matched-field processing approach. The efficiency of the leak identifica-
tion scheme stems from the linear dependence of wave scattering on leak size. The pro-
posed method is successfully applied both numerically and to pilot data from a tree-
structured system of viscoelastic pipes.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

Leak localization in water supply systems is an important problem since leakage results in a huge wastage of water
resources, as well as health risks because leaks are potential entry points for contaminants. Transient wave-based leakage
detection methodology has been intensively investigated since the 1990s [1–6]. The idea of this methodology is to introduce
active pressure waves in pipe systems by sudden operation of valves or other devices. The waves propagate back and forth in
the pipe system, interact with leaks, and thus carry information about the features of leaks in the pipe. By measuring and
analyzing the pressure response, leaks in water pipe systems can be estimated. Specific transient-based leakage detection
approaches can be classified as: (i) transient reflection-based method (TRM) [5,7–11]; (ii) frequency response feature
method (FRFM) [4,12–18]; (iii) time-domain full-wave inversion (FWI) method [2,3,19–22]; and (iv) frequency-domain
FWI method [6,15,23–27].

While most of the transient-based methods consider single and relatively simple pipeline systems, some researches
have generalized these methods to pipe networks. The wavelet transform analysis (WTA) [10,28], the cross-correlation
analysis [29], the impulse response function method [11], and the instantaneous frequency analysis techniques [30], as
representatives of TRM, have been applied to detect leaks in pipe networks. These methods extract the arrival time of
reflection from a leak, which can decide the distance from the leak to the sensor, but cannot know the exact location
ineering,
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Nomenclature

q discharge oscillation
h head oscillation
X coordinate system of pipe network
@X boundaries of X
J interior junctions of X
V valve in X
xL leak location
zL pipe elevation at leak
sL leak size
xU (xD) upstream (downstream) boundary
QL

0;H
L
0 steady-state discharge and head of leak

Q0 steady-state discharge of main pipe
xM sensor coordinate
Dh head difference
n measurement noise
a wave speed
A internal area of pipe
l pipe length
d internal diameter of pipe
e pipe wall thickness
x angular frequency
FRF frequency response function
FRFM frequency response feature method
FWI full-wave inversion
ITA inverse transient analysis
MFP matched-field processing
MOC method of characteristics
RFPP resonant frequency peak pattern
TRM transient reflection-based method
SNR signal-to-noise ratio
WTA wavelet transform analysis
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if the leak-sensor distance corresponds to more than one possible location in a complex network. Moreover, as these
methods do not make full use of the measurement information (but only the leak reflection), they are not robust to noise
and uncertainties and are thus limited in real applications. The resonant frequency peak pattern (RFPP) method (a repre-
sentative of FRFM) [31] uses the damping of pressure amplitude at various resonant frequencies to estimate the leak.
However, the pattern of the resonant frequency peaks is largely modified by other types of damping such as pipe
viscoelasticity [25,32], hence this method has only limited applications. Again, since only a small portion (the resonant
frequencies) of signal (in the frequency domain) is used, the RFPP method is also not robust to noise. The inverse transient
analysis (ITA) method [2,3,33], as a representative of time-domain FWI, estimate the leak parameters by matching the
time-domain transient wave model with the measured data. The FWI method is more robust than TRM and FRFM because
more measurement information is used. However, since the time-domain model can only be solved numerically and the
ITA method assumes a large number of unknown parameters, a high-dimensional optimization needs to be solved which
is initialization-dependent and usually has the problem of local optimum traps [25]. As a matter of fact, in the considered
pipe networks in [2,3,33], leaks can only be located at the junctions of pipes; assuming more potential leaks elsewhere in
the pipe network would further increase the dimension of the optimization problem in the ITA methods. The computa-
tional complexity problem of ITA is partially solved by [34,35], which use the frequency-domain model where an
analytical solution of wave propagation is available [36,37]. In [34,35], a leak in a Y-shape branched system is localized
by a frequency-domain model-data matching. However, the methods in [34,35] still need to solve high-dimensional
optimization problems, which therefore have the problems of local maximum traps and high computational costs, and
neglect the influence of noise in solving the FWI.

This paper considers a frequency-domain wave propagation model in a general tree-structured pipe network. The clas-
sical frequency-domain transfer matrix model [38,39] is applied to the tree-structured network. The model is further
explored such that the leak parameters to be estimated (leak location and size) are factorized. More exactly, the solution
is split into a leak-free term and a term that represents the scattering from the leak which varies linearly with leak size
and non-linearly with leak location. Based on this novel model which is more suitablefor leak parameter estimation, the leak
localization in a pipe network is realized based on the matched-field processing (MFP) principle, which has been applied in
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the leakage detection in single pipes [6,25]. Combining the parameter-factorized model and the MFP method, a fast 1D
search of leak location (independent of leak size) in a pipe network is realized. The proposed method is able to localize a
leak anywhere in a network and does not need any optimization technique. Furthermore, the MFP principle and sufficient
use of measurement guarantee the robustness of the proposed method in noisy environments [25].

2. Factorized transient wave model in tree-structured pipe networks

An analytical solution of wave propagation in tree-structured pipe networks is next obtained, where the leak parameters
(location and size) are factorized.

2.1. Topological structure

Wave propagation in tree-structured pipe networks [40] is studied. Networks with loop structures [41] are beyond the
scope of the present paper. However, in real pipe systems where many isolating valves are often available, a loop network
can be ideally converted into a tree network. A general tree network is denoted by X and is illustrated in Fig. 1(a). The nodes
of the network include boundaries (denoted by @X) and interior junctions (denoted by J ); all the other points
(x 2 X n @X [ Jð Þ) in the system are called ordinary interior points. The boundaries @X of the network consist of all the nodes
that are connected to only one pipe. At one (and only one) boundary, a valve, whose location is denoted by V 2 @X , is set to
generate transient waves. The interior junctions J are those nodes connected to at least two pipes. Note that an xJ 2 X con-
necting to exactly two pipes is an interior junction (i.e., xJ 2 J ) only if the two pipes have different properties (e.g., diameter,
thickness, or material), which results in an impedance change and wave reflections at xJ; otherwise, it is just an ordinary
interior point.

For the sake of clarity in describing the wave propagation paths, the nodes are divided into several levels. Level 0 has only
one node where the wave-generating valve V is located. Level 1 has also only one node which connects the valve V by a single
pipe. Each pipe in the network links two nodes in two adjacent levels. For each xJ 2 J , a unique mother pipe connects xJ to
another node in xJ ’s lower level; all the other pipes connecting xJ to xJ ’s higher level nodes are called child pipes. Note that the
aforementioned levels and mother/child pipes are introduced only to denote the tree network’s structure; the (steady-state)
flow direction in the pipe network is not necessarily from a high level to a low level or from mother to child pipes. Further-
more, if the location of wave-generating valve is switched to another x 2 @X , the levels of the nodes are also changed, as
indicated in Fig. 1(b) as an example.

2.2. A general model

The discharge q and the head h1 at the valve V are computed from all the other boundaries @X n V. If q and h in @X n V are
known (assumed, measured or computed), then q and h at any location in the network can be computed by the transfer matrix
method. The detailed derivations of these boundary conditions (q and h in @X n V) are presented in Section 2.4.

The number of pipes in the network is denoted by P and the numbering of the pipes is arbitrary. In the i-th pipe,
i 2 1; . . . ; Pf g, the upstream node (which connects the i-th pipe to its child pipes) is xUi . Given q xUi

� �
and h xUi

� �
; q and h at

any x in this pipe are
1 Her
practice
perturb
localiza
is sent.
strategy
the FRF
q xð Þ
h xð Þ

� �
¼ M xUi ! x

� � q xUi
� �

h xUi
� � !

: ð1Þ
Here, M x ! yð Þ is the transfer matrix from the node x to y, where x and y are in the same single pipe. Eq. (1) is the linearized
counterpart of the water-hammer equations in the frequency domain [38,39,45]. The explicit form of M x ! yð Þ depends on
the existence of leak and is specified in Section 2.3.

For each interior junction xJ 2 J , the joint points in its mother pipe and in its child pipes are denoted by xJU and
xJDi ; i ¼ 1; . . . ;nJ (nJ is the number of child pipes of xJ), respectively. More exactly, for example, xJU is the limiting point of x
which belongs to xJ ’s mother pipe and x ! xJ . By the pressure equilibrium and mass conservation conditions, q and h across
xJ have the relationship of wave superposition [38,39]:
e, q and h are the frequency response functions (FRFs), i.e., the responses of discharge and head when an ideal impulse wave is sent in the system. In
, any type of wave source (flow perturbation) is applicable and the FRFs can then be estimated using the methods in [7,11,24,42,43]. However, the flow
ation has to be fast enough to excite transient waves with a sufficiently high bandwidth, which affects the accuracy and resolution of the leak
tion [24]. In the experiments of the present paper (introduced in Section 5), the wave is generated by suddenly and fully closing a valve, i.e., a step wave
If the strength of transient wave is too large, this operation may have the risk of pipe structural failure. Alternatively, the small-amplitude multi-test
[44] or sending a small-amplitude but long-time source-wave (such as the pseudo-random binary sequence) [7,11,43] can also successfully estimate

, by which the risk can be reduced.



Fig. 1. (a) sketch of a tree-type pipe network; (b) the same network as (a) but the valve location is changed.
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q xJU
� �

h xJU
� � !

¼ I22
q xJD1
� �

h xJD1
� �

0B@
1CAþ

XnJ
i¼1

�1ð Þai I11
q xJDi
� �

h xJDi
� �

0B@
1CA: ð2Þ
In this equation, Iij is a 2-by-2 matrix where the element in i-th line and j-th column is 1 and all the other elements are 0.

Besides, ai ¼ 0 if xJDi has the same flow direction as xJU and ai ¼ 1 otherwise, which guarantees that the inflow and outflow
across xJ are identical.

For the n-th boundary in @X n V, denoted by xUn1 2 @X n V, there exists a unique path from xUn1 to V, from the high level to

the low level. If xUn1 is in Level pn, the path from xUn1 to V includes pn pipes and pn � 1 interior junctions. Furthermore, for any
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measurement point xM in the network, the path from xM towards its higher levels until some boundaries in @X n V is unique
and used for simulating the wave propagation and measurement. For example, according to the wave propagation and
superposition principles in Eqs. (1) and (2), the discharge and head at xM ¼ V are:
q xM
� �

h xM
� � !

¼
Xcard @XnVð Þ

n¼1

M xUnpn ! xM
� � Y1

i¼pn�1

I nið ÞM xUni ! xDni

� � !
q xUn1

� �
h xUn1

� �
0B@

1CA: ð3Þ
Here, we use the notation ni (ni 2 1; . . . ; Pf g) to denote the index of the pipe, which is the i-th pipe in the path from the n-th
boundary to V. Furthermore, xUni and xDni are the upstream and downstream nodes of the pipe with index ni; card @X n Vð Þ is the
cardinality of the set @X n V, i.e., the number of boundaries except V; I nið Þ ¼ I22 þ �1ð Þani I11 if ni is the first child pipe of its
mother node and I nið Þ ¼ �1ð Þani I11 otherwise. Note that since the wave propagation is computed from all the boundaries
in @X n V to V, Eq. (3) is a summation of card @X n Vð Þ terms. Each term is a multiplication of 2pn � 1 matrices if the path
includes pn pipes, in which the matricesM and I nið Þ depict the wave propagations inside a pipe and across an interior junction,
respectively. In the following, two examples of pipe network are presented where their explicit forms of Eq. (3) are given.

Example 1. The system is shown in Fig. 2 and is composed of three pipes. The i-th pipe (i ¼ 1;2;3) is bounded by the
upstream node xUi and downstream node xDi . Actually, x

D
1 ; x

U
2 , and xD3 are all located at the interior junction. However, they

stand for locations in different pipes approximating to the junction. In this system, @X n V ¼ xU1 ; x
U
3

� 	
and V ¼ xD2

� 	
, the two

paths from the two boundaries @X n V to V are xU1 ! xD1 ! xU2 ! xD2 and xU3 ! xD3 ! xU2 ! xD2 . However, the flow direction is
different: xU1 ! xD1 ! xU2 ! xD2 and xU1 ! xD1 ! xD3 ! xU3 , as shown in Fig. 2. Therefore, the relation of discharge at the interior
junction is
q xU2
� � ¼ q xD1

� �� q xD3
� �

; ð4Þ

i.e., a1 ¼ 0 and a3 ¼ 1. As a result, the theoretical expression of q xM

� �
and h xM

� �
at xM ¼ V is obtained from Eq. (3):
q xM
� �

h xM
� � !

¼ M xU2 ! xM
� �

I22 þ �1ð Þ0I11
� �

M xU1 ! xD1
� � q xU1

� �
h xU1
� � !

þM xU2 ! xM
� � �1ð Þ1I11M xU3 ! xD3

� � q xU3
� �

h xU3
� � !

¼ M xU2 ! xM
� �

M xU1 ! xD1
� � q xU1

� �
h xU1
� � !

�M xU2 ! xM
� �

I11M xU3 ! xD3
� � q xU3

� �
h xU3
� � !

:

ð5Þ
Fig. 2. A network with three pipes.
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Example 2. Fig. 3 shows a pipe network with five pipes. In this system, @X n V ¼ xU3 ; x
U
4 ; x

U
5

� 	
and V ¼ xD1

� 	
, the three paths

from the three boundaries @X n V to V are xU4 ! xD4 ! xU2 ! xD2 ! xU1 ! xD1 ; x
U
5 ! xD5 ! xU2 ! xD2 ! xU1 ! xD1 , and

xU3 ! xD3 ! xU1 ! xD1 . The flow direction is same as the computation path from @X n V to V. The discharge at the two interior
junctions has the relationship:
q xU1
� � ¼ q xD2

� �þ q xD3
� �

; q xU2
� � ¼ q xD4

� �þ q xD5
� �

; ð6Þ

thus a2 ¼ a3 ¼ a4 ¼ a5 ¼ 0. The discharge and head at xM ¼ V can then be computed by
q xM
� �

h xM
� � !

¼ M xU1 ! xM
� �

M xU2 ! xD2
� �

M xU4 ! xD4
� � q xU4

� �
h xU4
� � !

þM xU1 ! xM
� �

M xU2 ! xD2
� �

I11M xU5 ! xD5
� � q xU5

� �
h xU5
� � !

þM xU1 ! xM
� �

I11M xU3 ! xD3
� � q xU3

� �
h xU3
� � !

:

ð7Þ
2.3. Specific model without and with leak

Here, the transfer matrices in Eq. (3) are specified, which depend on the existence and the location of leak. If there is no
leak in the i-th pipe, the transfer matrix is [38]:
M xUi ! xDi
� � ¼ MNL xDi � xUi ;Ai

� �
; ð8Þ
where Ai ¼ pd2
i =4 and di are respectively the cross-sectional area and the diameter of the i-th pipe,
MNL xi;Aið Þ ¼
cosh lixi

� � � 1
Zi
sinh lixi

� �
�Zi sinh lixi

� �
cosh lixi

� � !
; ð9Þ

Zi xð Þ ¼ lia
2
i = ixgAið Þ ð10Þ
is the characteristic impedance and
Fig. 3. A pipe network with five pipes.
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li xð Þ ¼ a�1
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�x2 þ igAixRi

q
; ð11Þ
is the propagation function, ai is the wave speed (an introduction of wave speed in elastic and viscoelastic pipes is given in
Appendix (A), g is the gravitational acceleration, x is the angular frequency, and Ri is the steady-state resistance term being

Ri ¼ f DWQ0ið Þ= gdiA
2
i

� �
for turbulent flows, in which Q0i is the steady-state discharge in the i-th pipe and f DW is the Darcy–

Weisbach friction factor. In this no-leak case, the discharge and head are denoted by qNL and hNL and Eq. (3) becomes
qNL xM
� �

hNL xM
� � !

¼
Xcard @XnVð Þ

n¼1

MNL xM � xUnpn ;Anpn

� � Y1
i¼pn�1

I nið ÞMNL xDni � xUni ;Ani

� � !
q xUn1

� �
h xUn1

� �
0B@

1CA: ð12Þ
If there is a leak in the i-th pipe where the leak location is xLi and the leak size (effective leak orifice area) is sL, the transfer
matrix is [6]:
M xUi ! xDi
� � ¼ MNL xDi � xUi ;Ai

� �þ sLMSL xLi ;Ai; xUi ; x
D
i

� �
; ð13Þ
in which
MSL xLi ;Ai; xUi ; x
D
i

� � ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g

2 HL
0 � zL

� �vuut Zi sinh li x
L
i � xUi

� �� �
cosh li x

D
i � xLi

� �� � � cosh li x
L
i � xUi

� �� �
cosh li x

D
i � xLi

� �� �
�Z2

i sinh li x
L
i � xUi

� �� �
sinh li x

D
i � xLi

� �� �
Zi cosh li x

L
i � xUi

� �� �
sinh li x

D
i � xLi

� �� � !
:

ð14Þ

Here, zL denotes the pipe elevation and HL

0 is the steady-state head at the leak. In the presence of a leak, Eq. (13) implies a

separation of q;hð Þ> into a term independent of leak, the leak size, and a term dependent only on the leak location. Thus, Eq.
(3) has the form:
q xM
� �

h xM
� � !

¼
qNL xM
� �

hNL xM
� � !

þ sL
q� xL; xM
� �

G xL; xM
� � !

: ð15Þ
In this equation, q� xL; xM
� �

and G xL; xM
� �

are functions of leak location xL but independent of leak size sL; its explicit form
depends on the topology of the network and is illustrated using the following examples. In this paper, the head h xM

� �
is mea-

sured and used to estimate the leak location xL and size sL; by the second line of Eq. (15), h xM
� �

has the theoretical expression
h xM
� � ¼ hNL xM

� �þ sLG xL; xM
� �

: ð16Þ
Example 3. Here, the pipe network in Example 1 is further studied, where the system is shown in Fig. 2. In the case of no
leak, the discharge and head at xM are obtained by inserting Eq. (8) into Eq. (5):
qNL xM
� �

hNL xM
� � !

¼ MNL xM � xU2 ;A2
� �

MNL xD1 � xU1 ;A1
� � q xU1

� �
h xU1
� � !

�MNL xM � xU2 ;A2
� �

I11M
NL xD3 � xU3 ;A3
� � q xU3

� �
h xU3
� � !

: ð17Þ
When one leak exists in Pipe 1,
M xU1 ! xD1
� � ¼ MNL xD1 � xU1 ;A1

� �þ sLMSL xL1;A1; xU1 ; x
D
1

� �
M xU2 ! xM2
� � ¼ MNL xM2 � xU2 ;A2

� �
M xU3 ! xD3
� � ¼ MNL xD3 � xU3 ;A3

� �
8>>><>>>: ; ð18Þ
and
q xM
� �

h xM
� � !

¼
qNL xM
� �

hNL xM
� � !

þ sLMNL xM � xU2 ;A2
� �

MSL xL1;A1; xU1 ; x
D
1

� � q xU1
� �

h xU1
� � !

: ð19Þ
In the case of one leak in Pipe 2, the transfer matrices are
M xU1 ! xD1
� � ¼ MNL xD1 � xU1 ;A1

� �
M xU2 ! xM
� � ¼ MNL xM � xU2 ;A2

� �þ sLMSL xL2;A2; xU2 ; x
M

� �
M xU3 ! xD3
� � ¼ MNL xD3 � xU3 ;A3

� �
8>>><>>>: : ð20Þ
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Therefore,
q xM
� �

h xM
� � !

¼
qNL xM
� �

hNL xM
� � !

þ sLMSL xL2;A2; xU2 ; x
M

� �
MNL xD1 � xU1 ;A1

� � q xU1
� �

h xU1
� � !

� I11M
NL xD3 � xU3 ;A3
� � q xU3

� �
h xU3
� � !" #

: ð21Þ
In the case of one leak in Pipe 3, the transfer matrices are
M xU1 ! xD1
� � ¼ MNL xD1 � xU1 ;A1

� �
M xU2 ! xM
� � ¼ MNL xM � xU2 ;A2

� �
M xU3 ! xD3
� � ¼ MNL xD3 � xU3 ;A3

� �þ sLMSL xL3;A3; xU3 ; x
D
3

� �
8>><>>: : ð22Þ
In this case,
q xM
� �

h xM
� � !

¼
qNL xM
� �

hNL xM
� � !

� sLMNL xM � xU2 ;A2
� �

I11M
SL xL3;A3; xU3 ; x

D
3

� � q xU3
� �

h xU3
� � !

: ð23Þ
By expanding Eqs. (17), (19), (21), and (23), the head at xM follows Eq. (16). The explicit forms of hNL xM
� �

and G xL; xM
� �

in this
equation are given in Appendix B.
Example 4. Here, the pipe network in Fig. 3 and Example 2 is further studied. In the case of no leak, the discharge and head
in Eq. (7) become
qNL xM
� �

hNL xM
� � !

¼ MNL xM � xU1 ;A1
� �

MNL xD2 � xU2 ;A2
� �

MNL xD4 � xU4 ;A4
� � q xU4

� �
h xU4
� � !

þMNL xM � xU1 ;A1
� �

MNL xD2 � xU2 ;A2
� �

I11M
NL xD5 � xU5 ;A5
� � q xU5

� �
h xU5
� � !

þMNL xM � xU1 ;A1
� �

I11M
NL xD3 � xU3 ;A3
� � q xU3

� �
h xU3
� � !

:

ð24Þ
In the case of one leak xL1 in Pipe 1,
q xM
� �

h xM
� � !

¼
qNL xM
� �

hNL xM
� � !

þ sLMSL xL1;A1;xU1 ;x
M

� �
MNL xD2 �xU2 ;A2

� �
MNL xD4 �xU4 ;A4

� � q xU4
� �

h xU4
� � !

þ sLMSL xL1;A1;xU1 ;x
M

� �
MNL xD2 �xU2 ;A2

� �
I11M

NL xD5 �xU5 ;A5
� � q xU5

� �
h xU5
� � !

þ sLMSL xL1;A1;xU1 ;x
M

� �
I11M

NL xD3 �xU3 ;A3
� � q xU3

� �
h xU3
� � !

:

ð25Þ
In the case of one leak xL2 in Pipe 2,
q xM
� �

h xM
� � !

¼
qNL xM
� �

hNL xM
� � !

þ sLMNL xM � xU1 ;A1
� �

MSL xL2;A2; xU2 ; x
D
2

� �
MNL xD4 � xU4 ;A4

� � q xU4
� �

h xU4
� � !

þ sLMNL xM � xU1 ;A1
� �

MSL xL2;A2; xU2 ; x
D
2

� �
I11M

NL xD5 � xU5 ;A5
� � q xU5

� �
h xU5
� � !

:

ð26Þ
In the case of one leak xL3 in Pipe 3,
q xM
� �

h xM
� � !

¼
qNL xM
� �

hNL xM
� � !

þ sLMNL xM � xU1 ;A1
� �

I11M
SL xL3;A3; xU3 ; x

D
3

� � q xU3
� �

h xU3
� � !

: ð27Þ
In the case of one leak xL4 in Pipe 4,
q xM
� �

h xM
� � !

¼
qNL xM
� �

hNL xM
� � !

þ sLMNL xM � xU1 ;A1
� �

MNL xD2 � xU2 ;A2
� �

MSL xL4;A4; xU4 ; x
D
4

� � q xU4
� �

h xU4
� � !

: ð28Þ
In the case of one leak xL5 in Pipe 5,
q xM
� �

h xM
� � !

¼
qNL xM
� �

hNL xM
� � !

þ sLMNL xM � xU1 ;A1
� �

MNL xD2 � xU2 ;A2
� �

I11M
SL xL5;A5; xU5 ; x

D
5

� � q xU5
� �

h xU5
� � !

: ð29Þ
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Similar to Example 3, Eq. (16) and G xL; xM
� �

for this five-pipe network can be obtained by the second lines of the above six
equations.
2.4. Boundary condition

In this paper, the leakage estimation is realized by matching the head measurement with its theoretical model Eq. (16) to
decide the optimal xL and sL. For this purpose, as can be seen from the right hand side of Eq. (16), the boundary conditions

h xUn1

� �
and q xUn1

� �
at each boundary of the network xUn1 2 @X=V are needed. Here, three situations of the boundary at xUn1 are

discussed and the corresponding boundary conditions are obtained.

� Case I: If xUn1 is a reservoir or a centrifugal pump, the boundary condition
h xUn1

� �
¼ 0 ð30Þ

can be assumed. Furthermore, a sensor is set near xUn1 whose location is denoted by xMn1 and it is assumed that there is no

leak between xUn1 and xMn1 . Then, q xUn1

� �
can be estimated [46,47,24] by

q̂ xUn1

� �
¼

cosh ln1
xMn1 � xUn1

� �� �
h xUn1

� �
� h xMn1

� �
Zn1 sinh ln1

xMn1 � xUn1

� �� � ð31Þ

¼ �
h xMn1

� �
Zn1 sinh ln1

xMn1 � xUn1

� �� � : ð32Þ

� Case II: If xUn1 is a dead-end,
q xUn1

� �
¼ 0: ð33Þ
As the previous case, h xMn1

� �
is measured at xMn1 . By solving
q xUn1

� �
h xUn1

� �
0B@

1CA ¼ MNL xUn1 � xMn1 ;An1

� � q xMn1

� �
h xMn1

� �
0B@

1CA; ð34Þ

we have

ĥ xUn1

� �
¼

Zn1 sinh ln1
xUn1 � xMn1

� �� �
q xUn1

� �
þ h xMn1

� �
cosh ln1

xUn1 � xMn1

� �� � ¼
h xMn1

� �
cosh ln1

xUn1 � xMn1

� �� � : ð35Þ

� Case III: For a dynamic boundary which is not well-defined and both Eqs. (30) and (33) cannot be applied, additional

sensors are required. It is necessary to measure both h xUn1

� �
and h xMn1

� �
; then, q xUn1

� �
is estimated via Eq. (31).

If all the boundaries follow Eqs. (30) or (33) (Case I or II), card @X n Vð Þ sensors are needed to obtain the boundary con-
ditions and in total card @X n Vð Þ þ 1 sensors are needed for leakage estimation (detailed in Section 3). For any boundary
in @X n V where both Eqs. (30) and (33) cannot be assumed (i.e., Case III), an additional sensor has to be added for estimating
the boundary conditions. In short, no more than 2card @X n Vð Þ þ 1 sensors are required for the leak localization method pro-
posed in this paper.

3. Leak estimation scheme

In this section, the head differences from a sensor located at xM with K frequencies, denoted as Dh ¼ Dh1; . . . ;DhKð Þ>, are
used to estimate the leak location xL and size sL. Here,
Dhk ¼ h xM ;xk
� �� hNL xM;xk

� �
; k ¼ 1; . . . ;K: ð36Þ
In practice, h xM ;xk

� �
is measured and hNL xM ;xk

� �
is obtained from the transient model for the case with no leak in Eq. (12).

We denote
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G xL
� � ¼ G xL; xM;x1

� �
; . . . ;G xL; xM ;xK

� �� �>
; ð37Þ
which is a function of the leak location xL 2 X . Considering an additive noise vector n ¼ n1; . . . ;nKð Þ>, then the head differ-
ence has the theoretical expression
Dh ¼ sLG xL
� �þ n: ð38Þ
The noise vector n is assumed to follow the zero-mean Gaussian distributionN 0;r2IK
� �

, where IK is the K-dimensional iden-
tity matrix. For a general covariance matrix of n, a data transformation technique for noise whitening [6,48] can be applied
such that the independent white noise assumption still holds.

Then, the leakage localization problem is solved using the MFP method [6,25]. The leak location and size are estimated,
separately and sequentially, as
bxL ¼ argmax
xL2X

DhHG xL
� �

GH xL
� �

Dh

GH xLð ÞG xLð Þ ð39Þ
and
bsL ¼ GH bxL� �
Dh

GH bxL� �
G bxL� � : ð40Þ
The derivation of Eqs. (39) and (40) is based on the MFP principle [6] and is recalled in Appendix C. Eq. (39) implies that the
leak is localized by a 1D search of leak location along all the pipes in the network. Since G is analytical and X is a 1D network,
the proposed method does not need any optimization technique, but just plots the 1D analytical objective function in
Eq. (39) throughout X , thus the computation is very fast.

Finally, the MFP algorithm of leakage localization in a tree-structured pipe network is summarized in Algorithm 1.
Algorithm1. Leak localization in a tree-type pipe network using MFP
1. Select K frequencies x1; . . . ;xK . � � � �

2. Obtain the boundary conditions h xUn1 ;xk from Eqs. (30) or (35) and q xUn1

;xk from Eqs. (32) or (33) for each

xUn1
2 @X n V.
3. Calculate hNL xM;xk
� �

via Eq. (12) and use the head differences Dh (Eq. (38)) as the data.

4. Plot the objective function in Eq. (39):
)
jBj2 ¼ DhHG xLð ÞGH xLð ÞDh
GH xLð ÞG xLð Þ .
 (41
with respect to xL 2 X along the whole network (discretizing Eq. (41) with a spatial grid size lower than half

minimum wavelength) and retain xL corresponding to maximum jBj2 as the leak location estimate.
5. Estimate the leak size via Eq. (40).
4. Numerical simulation

In this section, the three-pipe and five-pipe examples are revisited; the proposed leakage localization method is tested
numerically.

4.1. Three-pipe network

4.1.1. Setup, measured signal, and leak localization using MFP
In this section, we introduce numerical results of leak estimation in the three-pipe system in Fig. 2 and Examples 1 and 3.

The numerical setup of the systemwith more details is shown in Fig. 4. The lengths of the three pipes are l1 ¼ 600 m, l2 ¼ 500
m, and l3 ¼ 400 m; the diameters are d1 ¼ 0:5 m, d2 ¼ 0:5 m, and d3 ¼ 0:4 m, respectively. The coordinate system for the
three pipes is: x 2 xUi ; x

D
i

� �
in the i-th pipe (i ¼ 1;2;3), where xU1 ¼ 0; xD1 ¼ xU2 ¼ xD3 ¼ l1 ¼ 600 m, xD2 ¼ l1 þ l2 ¼ 1100 m and

xU3 ¼ l1 þ l3 ¼ 1000 m. The steady-state head at the upstream reservoir is H1 ¼ 25 m. The pipe material is elastic and the
wave speed is a ¼ 1000 m/s. The Darcy–Weisbach friction factor is f DW ¼ 0:02. Three measurement stations are respectively
located in the three pipes: xM1 ¼ 50 m in Pipe 1, xM2 ¼ 1100 m in Pipe 2, and xM3 ¼ 920 m in Pipe 3.

The transient wave is generated by a sudden closure of the valve at xD2 . A leak is located at xL3 ¼ 760 m in Pipe 3 and the

leak size is sL ¼ 3� 10�4 m2. The wave propagation is simulated via the method of characteristics (MOC) [38]. Fig. 5(a) shows



Fig. 4. Setup of the pipe network with three pipes considered in the numerical examples in Section 4.1.

Fig. 5. (a) Time signals (simulated via MOC) and (b) FRFs at xM1 ; x
M
2 , and xM3 . A single leak is located at xL3 ¼ 760 m in Pipe 3.
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the time signals at the three measurement stations. The FRFs (normalized by xth ¼ ap= 2 l1 þ l2ð Þð Þ) are computed from the
time signals in Fig. 5(a) [25,42] and are shown in Fig. 5(b). The frequencies used for leakage detection are
x : x=xth ¼ 0:01;0:02; . . . ;20f g; the maximum frequency is 4.5 Hz and the minimum wavelength is 222 m. The leak local-



Fig. 6. Single leak localization using MFP by plotting jBj2 along the three pipes. A single leak is located at xL3 ¼ 760 m in Pipe 3 (160 m from the junction); its
actual location is represented by the vertical dotted line.
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ization is implemented using MFP by plotting jBj2 along the three pipes, as shown in Fig. 6. The leak location estimate iscxL3 ¼ 759 m in Pipe 3, i.e., the error is 1 m, and the leak size estimate is bsL ¼ 2:92� 10�4 m2 (the relative error is 2.67%). Here,
the signal used for leak localization is free of noise, but slight modeling error is introduced since the simulated data are gen-
erated by the time-domain numerical MOC model whereas the MFP leak estimation uses the frequency-domain model
which linearizes the orifice equation and the turbulent friction term in the momentum equation [38]. In Section 4.1.2, arti-
ficial noise is further added to the simulated data in Fig. 5 to evaluate the performance of the proposed leakage detection
method in noisy environments.

4.1.2. Performance analysis in noisy environments and comparison with the methods in the literature
In this section, the MFP is compared with two representative methods in the literature:

� Wavelet transform analysis (WTA) method [28]: The mother wavelet is the type Daubechies of order 1 (db1). It analyzes
the drop due to leak by picking the maximum reflection (sudden change in the measured signal) after excluding the
reflections from boundaries and junctions and, then, decides the leak-sensor distance.
Fig. 7. Average and 95% confidence interval of leak localization error using MFP, WTA and RFPP.
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� Resonant frequency peak pattern (RFPP) of FRF [31]: The first ten resonant frequency peaks are used. The leak is searched
in all the three pipes.

The leak localization error is 0 m for WTA and 1 m for RFPP if the signals in Fig. 5 (without additional noise) are used.
Then, Gaussian-distributed random noise with zero-mean and standard deviation r is added to the time signal in Fig. 5

(a); the signal-to-noise ratio (SNR) in dB is defined as [26]:
Fig. 8.
2. The a
SNR ¼ 20log10 hdrop

 =r� �
: ð42Þ
Here, hdrop is the head drop at the first leak reflection. In this case where the leak size is sL ¼ 3� 10�4 m2;hdrop ¼ 0:15 m. The
time signal after adding noise is then transfered to FRF.

The leak localization is tested with different SNR from �3 dB to 20 dB. For each SNR, the procedure from data simulation
to leak localization is repeated 30 times. The average leak localization errors, as well as the 95% confidence intervals of leak
localization error, using the MFP, WTA and RFPP methods are shown in Fig. 7. WTA perfectly localizes the leak (the error is
0 m) when SNR P 20 dB but is sensitive to stronger noise (SNR 6 15 dB). MFP is the most robust method for low SNR. Here,
RFPP considers only the resonant frequencies but MFP uses all the frequencies in the same frequency range and, thus, more
robust to noise. Note that, in real pipe networks, the mismatch between the measurement and the model originates from not
only the random noise, but also the modeling error due to imprecise knowledge about the system [49]. The numerical noise
tests in this section partially illustrate the robustness of the proposed method, but more tests in various experimental envi-
ronments are further needed.

4.1.3. Detectability of one leak and two leaks
One leak located in different pipes of the network is considered. Gaussian random noise with SNR = 10 dB is added in

each case. Fig. 8 shows the MFP localization result of a single leak where xL1 ¼ 240 m in Pipe 1 and xL2 ¼ 800 m in Pipe 2
(200 m from the interior junction), respectively. It is clear that a single leak in any pipe can be accurately localized.

Furthermore, localization of two leaks using the proposed MFP method is analyzed. It is emphasized that, here, the single-
leak model (Eq. (38)) is used to localize multiple leaks. This is possible due to the linear superposition property of contribu-
tions from various leaks to the MFP objective function; a more detailed introduction for this issue can be found in [6]. In this
Single leak localization using MFP by plotting jBj2 along the three pipes. A single leak is located at (a) xL1 ¼ 240 m in Pipe 1 and (b) xL2 ¼ 800 m in Pipe
ctual location is represented by the vertical dotted line.



14 X. Wang et al. /Mechanical Systems and Signal Processing 147 (2021) 107116
section, the following seven cases with different leak locations are considered (the corresponding MFP leakage localization
results are shown in Figs. 9 and 10):

� Case a (Fig. 9(a)): Two leaks both in Pipe 1 at xL11 ¼ 120 m and xL21 ¼ 240 m, respectively.
� Case a’ (Fig. 9(b)): Two leaks both in Pipe 1 at xL11 ¼ 120 m and xL21 ¼ 150 m, respectively.
� Case b (Fig. 9(c)): Two leaks both in Pipe 2 at xL12 ¼ 750 m and xL22 ¼ 900, respectively.
� Case c (Fig. 9(d)): Two leaks both in Pipe 3 at xL13 ¼ 840 m and xL23 ¼ 960, respectively.
Fig. 9. Localization of two leaks in a same pipe using MFP by plotting jBj2 along the three pipes. The actual leak locations are represented by the vertical
dotted lines.



Fig. 10. Localization of two leaks in different pipes using MFP by plotting jBj2 along the three pipes. The actual leak locations are represented by the vertical
dotted lines.
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� Case d (Fig. 10(a)): Two leaks located at xL11 ¼ 360 m in Pipe 1 and xL22 ¼ 750 m in Pipe 2, respectively.
� Case e (Fig. 10(b)): Two leaks located at xL11 ¼ 360 m in Pipe 1 and xL23 ¼ 750 m in Pipe 3, respectively.
� Case f (Fig. 10(c)): Two leaks located at xL12 ¼ 900 m in Pipe 2 and xL23 ¼ 750 m in Pipe 3, respectively.

Note that in Case a, the distance between the two leaks (120 m) is higher than half minimum wavelength, being
kmin=2 ¼ pa=xmax ¼ 111 m. In this case, two leaks can be separately and accurately identified. However, in Case a’ where
two leaks are located in the same pipe as Case a, only one peak of the MFP objective function appears between the two actual
leaks. This is because, in Case a’, the distance between the two leaks (jxL11 � xL21 j ¼ 30 m) is lower than kmin=2 ¼ 111m (resolv-
able distance of MFP given this probing transient wave). This result is consistent with the Nyquist-Shannon sampling the-
orem and previous findings regarding the resolution of the MFP method in a single pipe [6,24].

Fig. 9(c) and (d) show that two leaks in any pipe can be localized. Fig. 10 illustrates that two leaks in different branches
can also be localized. In practice, however, the leak number in the system is unknown, the MFP method cannot fully decide
all the leaks. As a matter of fact, as indicated in [6,26], the 1D leak search using MFP can only guarantee the existence of a
significant peak of MFP objective function near an actual leak. Similar to the previous works for a single pipe [24,50,51], a
more elaborated model that parameterizes multiple leaks, as well as the corresponding inverse techniques that can deal with
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more parameters, is needed to fully decide the number and the locations of multiple leaks in a pipe network. This issue is
beyond the scope of the present paper.
4.2. Five-pipe network

In this section, the five-pipe network in Examples 2 and 4 and Fig. 3 are revisited. The numerical setup of the pipe network
with more details is shown in Fig. 11. The lengths of the five pipes are l1 ¼ 500 m, l2 ¼ 500 m, l3 ¼ 400 m, l4 ¼ 500 m, and
l5 ¼ 400 m; the diameters are di ¼ 0:5 m, i ¼ 1; . . . ;5. The coordinate system for the network is: in Pipe 1, x 2 xU1 ; x

D
1

� �
where

xU1 ¼ 1000 m and xD1 ¼ 1500 m; in Pipe 2, x 2 xU2 ; x
D
2

� �
where xU2 ¼ 500 m and xD2 ¼ 1000 m; in Pipe 3, x 2 xU3 ; x

D
3

� �
where

xU3 ¼ 600 m and xD3 ¼ 1000 m; in Pipe 4, x 2 xU4 ; x
D
4

� �
where xU4 ¼ 0 m and xD4 ¼ 500 m; in Pipe 5, x 2 xU5 ; x

D
5

� �
where

xU5 ¼ 100 m and xD5 ¼ 500 m. The pipe material is elastic and the wave speed is a ¼ 1000 m/s. The Darcy–Weisbach friction
factor is f DW ¼ 0:02. The steady-state head at the upstream reservoir xU4 is H xU4

� � ¼ 25 m. Four measurement stations are
located in each of four pipes: xM1 ¼ 1500 m (at the valve) in Pipe 1, xM3 ¼ 650 m in Pipe 3, xM4 ¼ 50 m in Pipe 4, and
xM5 ¼ 150 m in Pipe 5.

The transient wave is generated at xD1 . The frequencies used for leakage detection is x : x=xth ¼ 0:2;0:4; . . . ;20f g, where

xth ¼ ap= 2 l1 þ l2 þ l4ð Þð Þ. The leak localization is implemented using MFP by plotting jBj2 along the five pipes. Five cases of
single leak are considered; the leak is located at xL1 ¼ 1200 m in Pipe 1, xL2 ¼ 600 m in Pipe 2, xL3 ¼ 900 m in Pipe 3, xL4 ¼ 200 m

in Pipe 4, and xL5 ¼ 200 m in Pipe 5. The leak size is sL ¼ 1:4� 10�4 m2. The SNR is 10 dB. The results of single leak localization
with the five cases of leak location are shown in Fig. 12, which demonstrates that the leak can be accurately localized regard-
less of its location in the network.

Then, localization of three leaks using the MFP 1D search is tested. Fig. 13 shows the results where the locations of three
leaks are: (a) xL11 ¼ 1300 m in Pipe 1, xL22 ¼ 800 m in Pipe 2 and xL34 ¼ 200 m in Pipe 4; (b) xL12 ¼ 700 m in Pipe 2, xL22 ¼ 800 m in
Pipe 2 and xL35 ¼ 300 m in Pipe 5; (c) xL11 ¼ 1300 m in Pipe 1, xL22 ¼ 790 m in Pipe 2 and xL33 ¼ 810 m in Pipe 3. Fig. 13(a)
demonstrates that, in the first case, the three leaks can be found from the three highest peaks of the MFP objective function.
In the latter two cases, as shown in Fig. 13(b) and (c), one local maximum can be found near each leak, although other side-
lobes prevent the accurate detection of the three leaks. Again, as demonstrated in Section 4.1.3, in order to accurately esti-
mate the locations and sizes of all the leaks, the more elaborated model and inverse techniques as in [24,50,51] have to be
used.
5. Experimental results

In this section, the MFP leakage localization method is tested in a pipe network built in the Water Resources Research
Laboratory at the Hong Kong University of Science and Technology. The setup and sketch map of the pipe system can be seen
in Fig. 14. The pipe lengths of the three pipes are l1 ¼ 13:88 m, l2 ¼ 128 m and l3 ¼ 25 m. The internal diameter of pipe is
d1 ¼ d2 ¼ d3 ¼ 0:0792 m. The pipe material is high-density polyethylene (HDPE) and the viscoelastic coefficients in the gen-
eralized Kelvin-Voigt model are calibrated [25,32] and are shown in Table 1. The pipeline system is driven by a vertical mul-
tistage centrifugal pump connected to the upstream of Pipe 1. A valve is set at xD2 to generate transient waves where the
Fig. 11. Setup of the pipe network with five pipes in Section 4.2.



Fig. 12. Localization of one leak in the five-pipe network using MFP. The actual leak location is represented by the vertical dotted line.
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closure time is approximately 0.06 s. Three pressure transducers (UNIK 5000, the maximum error is 0.04% of the full scale)
are used to measure dynamic pressures at xM1 ¼ 2:6 m in Pipe 1, xM2 ¼ 139:4 m in Pipe 2 and xM3 ¼ 17:9 m in Pipe 3. A leak is
located at xL2 ¼ 43:9 m in Pipe 2. The steady-state discharges from the leak and at the upstream of the leak are approximately

0:5� 10�3 m3/s and 1:5� 10�3 m3/s, respectively.
The boundary xU3 of Pipe 3 is closed and the boundary condition q xU3

� � ¼ 0 is applied. Fig. 15 shows the measured time
signal and the FRF of transient wave. In the leak localization using MFP, the FRF is cut from 7 Hz, i.e., f � 7 Hz is used, because
after this frequency the signal is very noisy. Fig. 16 shows the leak localization result using MFP. The MFP objective function

jBj2 reaches maximum at 38.08 m in Pipe 2, i.e., the leak localization error is 5.8 m. To test the robustness of MFP, the tran-



Fig. 13. Localization of three leaks in the five-pipe network using MFP. The actual leak locations are represented by the vertical dotted lines.
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sient test is repeated a total of seven times. The shape of the MFP objective function of the other six tests is only slightly
different from Fig. 16. The localization error in that six tests is respectively 5.6 m, 6.0 m, 6.4 m, 5.8 m, 6.2 m, 5.8 m. The leak
localization of 5.5–6.5 m may stem from system bias or low resolution of the transient wave, which, according to the
Nyquist-Shannon sampling theorem, is kmin=2 ¼ a= 2fmaxð Þ � 365m � s�1= 2� 7Hzð Þ ¼ 26m. Here, a ¼ 365m=s is the (elastic)
wave speed estimated from the arrival time of transient wave at different sensors. Note that the leak localization error is
much lower than kmin=2 meaning the error is acceptable in the sense of resolution of probing wave.

WTA and RFPP are also tested for leak localization using the same experimental data. Here, WTA only searches the leak in
Pipe 2 (the section of signal in the enlarged plot in Fig. 15(a)); the latter signal corresponding to possible reflections in Pipe 1
and Pipe 3 are largely overlapped with the reflections from the interior junction and from the boundaries xU1 and xU3 , because
in this system l1 and l3 are comparable with kmin=2. In this case, the leak localization error of WTA using the seven experi-
mental results is 6.9 m, 6.7 m, 5.8 m, 8.0 m, 6.2 m, 5.8 m, 6.0 m, respectively. On the other hand, RFPP, which uses the first
eight resonant frequency peaks, returns the leak localization result always at xM2 , i.e., the error is 84 m. This is because the
RFPP method in [31] does not model pipe wall viscoelasticity which induces a large modeling error.
6. Conclusion

This paper studies the leakage localization problem in tree-structured pipe networks using transient waves. A frequency-
domain wave propagation model in a general tree-structured pipe network is derived, where the leak parameters (location



Fig. 14. Setup of the pipe system in the Water Resources Research Laboratory at Hong Kong University of Science and Technology.

Table 1
Coefficients for pipe wall viscoelasticity in the experiments at the Hong Kong
University of Science and Technology.

m ¼ 0:43 j ¼ 2:1� 109 Pa q ¼ 103 kg/m3

D ¼ 79:2 mm e ¼ 5:4 mm J0 ¼ 5:8� 10�10 Pa�1

J1 ¼ 1:96� 10�10 Pa�1 s1 ¼ 0:038 s J2 ¼ 1:10� 10�10 Pa�1

s2 ¼ 0:6 s J3 ¼ 9:05� 10�12 Pa�1 s3 ¼ 1:5 s
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Fig. 15. Experimental measurements obtained from the sensor xM1 ; x
M
2 ; x

M
3 in the time domain (a) and in the frequency domain (b).
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and size) are factorized. By virtue of this factorized model, an efficient leak localization method in a pipe network is realized
based on the matched-field processing (MFP) principle.

The efficiency of the MFP leak localization method is illustrated via numerical simulation and laboratory experiments.
Numerical examples show that the MFP method uniquely identifies a single leak anywhere in a network and it is more
robust in noisy environments than the existing techniques. Two or three leaks can also be localized by the proposed method,
if their distance is greater than half minimumwavelength of probing transient wave. Experimental data obtained from a vis-
coelastic pipe network demonstrate that the proposed method can successfully find the leak even with measured signal con-
taminated by noise.

Generalization of the proposed methodology to more general pipe networks with loop structures would be an interesting
and logical next step. In loop-structured networks, the path uniqueness from each boundary to any location in the system is
no longer valid, therefore the factorized form of the model cannot be straightforwardly obtained. This problem is currently
under investigation by the authors. Moreover, in the present paper, only purely random noise is considered in the MFP
method. In real urban water supply pipe networks where the scale is normally much larger and the structure is more com-
plex than the examples in this paper, the uncertainties due to water demand from the consumer-side, imprecise knowledge
of system attribute, and unknown boundary characterization may play a more crucial role. Study of these effects of uncer-



Fig. 16. Leak localization using MFP with experimental data.

X. Wang et al. /Mechanical Systems and Signal Processing 147 (2021) 107116 21
tainty in real water-pipe networks and quantifying them in the leak localization procedure would also be an important
future work.
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Appendix A. Wave speed in elastic and viscoelastic pipes

In the i-th pipe, if the pipe material is elastic, the wave speed is constant:
ai ¼ q
1
j
þ 1� m2
� � di

ei
J0

� �� ��1
2

; ðA:1Þ
where j and q are the bulk modulus and density of water, m is the Poisson’s ratio of pipe material, ei is the pipe wall thick-
ness, and J0 ¼ 1=E is the instantaneous creep-compliance where E is the Young’s modulus of pipe wall elasticity. In the case
of viscoelastic pipe, the pipe wall deformation during transient wave propagation is modeled by the generalized Kelvin-Voigt
model [52–59]. It is shown in [25] that the viscoelastic behavior can be equivalently quantified by changing the wave speed
to be frequency-dependent:
ai xð Þ ¼ q
1
j
þ 1� m2
� �di

ei
J0 þ

XNkv

j¼1

Jj
1þ ixsj

 ! ! !�1
2

; ðA:2Þ
where, Nkv is the truncated order, Jj and sj are coefficients of the generalized Kelvin-Voigt model.
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Appendix B. Explicit form of Eq. (16) in Example 3

Expanding Eqs. (17), (19), (21), and (23), we obtain
hNL xM
� � ¼ �Z2 sinh l2 xM � xU2

� �� �
cosh l1 xD1 � xU1

� �� �
q xU1
� �� Z1 cosh l2 xM � xU2

� �� �
sinh l1 xD1 � xU1

� �� �
q xU1
� �

þ Z2

Z1
sinh l2 xM � xU2

� �� �
sinh l1 xD1 � xU1

� �� �
h xU1
� �þ cosh l2 xM � xU2

� �� �
cosh l1 xD1 � xU1

� �� �
h xU1
� �

þ Z2 sinh l2 xM � xU2
� �� �

cosh l3 xD3 � xU3
� �� �

q xU3
� �� Z2

Z3
sinh l2 xM � xU2

� �� �
sinh l3 xD3 � xU3

� �� �
h xU3
� � ðB:1Þ
and
G xL; xM
� � ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g

2 HL
0�zLð Þ

q
G1 xL; xM
� �

; if xL in Pipe 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g

2 HL
0�zLð Þ

q
G2 xL; xM
� �

; if xL in Pipe 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g

2 HL
0�zLð Þ

q
G3 xL; xM
� �

; if xL in Pipe 3

8>>>><>>>>: ; ðB:2Þ
where
G1 xL; xM
� � ¼ �Z1Z2 sinh l2 xM � xU2

� �� �
sinh l1 xL � xU1

� �� �
cosh l1 xD1 � xL

� �� �
q xU1
� �

� Z2
1 cosh l2 xM � xU2

� �� �
sinh l1 xL � xU1

� �� �
sinh l1 xD1 � xL

� �� �
q xU1
� �

� Z2 sinh l2 xM � xU2
� �� �

cosh l1 xL � xU1
� �� �

cosh l1 xD1 � xL
� �� �

h xU1
� �

þ Z1 cosh l2 xM � xU2
� �� �

cosh l1 xL � xU1
� �� �

sinh l1 xD1 � xL
� �� �

h xU1
� �

; ðB:3Þ

G2 xL; xM
� � ¼ �Z2

2 sinh l2 xL � xU2
� �� �

sinh l2 xM � xL2
� �� �

cosh l1 xD1 � xU1
� �� �

q xU1
� �

� Z1Z2 cosh l2 xL � xU2
� �� �

sinh l2 xM � xL2
� �� �

sinh l1 xD1 � xU1
� �� �

q xU1
� �

þ Z2
2

Z1
sinh l2 xL � xU2

� �� �
sinh l2 xM � xL2

� �� �
sinh l1 xD1 � xU1

� �� �
h xU1
� �

þ Z2 cosh l2 xL � xU2
� �� �

sinh l2 xM � xL2
� �� �

cosh l1 xD1 � xU1
� �� �

h xU1
� �

þ Z2
2 sinh l2 xL � xU2

� �� �
sinh l2 xM � xL2

� �� �
cosh l3 xD3 � xU3

� �� �
q xU3
� �

� Z2
2

Z3
sinh l2 xL � xU2

� �� �
sinh l2 xM � xL2

� �� �
sinh l3 xD3 � xU3

� �� �
h xU3
� �

; ðB:4Þ
and
G3 xL; xM
� � ¼ �Z2Z3 sinh l2 xM � xU2

� �� �
sinh l3 xL � xU3

� �� �
cosh l3 xD3 � xL

� �� �
q xU3
� �

þ Z2 sinh l2 xM � xU2
� �� �

cosh l3 xL � xU3
� �� �

cosh l3 xD3 � xL
� �� �

h xU3
� �

: ðB:5Þ
Appendix C. Matched-field processing for estimating leak location and size

A unit vector w ¼ w1; . . . ;wKð Þ> (jwj ¼ 1) is adjusted to have the same direction as the measurement Dh in the K-
dimensional complex vector space. The inner product of the weighting vector w and Dh is
B 	< w;Dh >¼ wHDh 2 C: ðC:1Þ

The optimal weight is obtained by solving for w which maximizes
jBj2 ¼ jwHDhj2 ¼ wHDhDhHw: ðC:2Þ

Inserting the model of Dh, i.e., Eq. (38), into Eq. (C.2) and maximizing its expectation withw, the optimal weight is obtained:
ŵ ¼ argmax
w

E jBj2
� �

¼ argmax
w

sL
� �2

wHGGHwþ r2
� �

¼ argmax
w

wHGGHw
� �

¼ 
 Gffiffiffiffiffiffiffiffiffi
GHG

p : ðC:3Þ
Note that the optimal w is a vector having the same direction as G. Then, the leakage location can be estimated by substi-
tuting Eq. (C.3) back to Eq. (C.2):
bxL ¼ argmax
xL

DhHG xL
� �

GH xL
� �

Dh

GH xLð ÞG xLð Þ : ðC:4Þ
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It can be shown that Eq. (C.4) is also a maximum likelihood estimate of the leak position [60,61,6]. Furthermore, the leak size
can be estimated via the maximum likelihood principle:
bsL ¼ GH bxL� �
Dh

GH bxL� �
G bxL� � : ðC:5Þ
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