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Abstract— The effects of friction are critical to the dynamics
of electric power steering (EPS). On the one hand, friction
contributes to the stability of the system and filters some of
the disturbances (road vibration, etc.). On the other hand, it
negatively affects the driving feel and refrains from accurate
positioning of the steering wheel. In addition, for steering
manufacturers, friction hinders the development and tuning
of the assistance strategy. Therefore, controlling or eventually
suppressing friction in EPS is a real challenge. In this paper,
a control strategy for the active compensation of friction in a
column-assist-type EPS is presented. The assist motor and the
electronic control unit are used to cancel the friction effect in
order to imitate the behavior of an ideal frictionless system. The
feasibility of this strategy is demonstrated on the power column
(the upper part of the steering system) using the same information
(signals) as that available in an actual product. The proposed
control is based on a model of the power column including slip-
and load-dependent friction forces. For this purpose, a detailed
simulation model, developed and validated in a previous work, is
reduced to a lower order model to enable real-time computation.
The LuGre model is used to compute both the static and
dynamic friction forces with continuous formulation. The control
architecture is composed of two cascaded feedback loops. The
internal loop estimates the internal friction of the system and
compensates for it through the motor input. The external loop
contains a frictionless reference model used as a trajectory
planner and a linear controller, which attempts to minimize
the error between the plant and the reference responses. The
stability and the robustness of the control strategy are formally
analyzed. Specifically, it is shown that the limit error between
the plant and the reference responses can be made arbitrarily
small with appropriate values of the gains. Experimental results
demonstrate that the control strategy is successful in tracking
the frictionless reference trajectory, and confirm the robustness
against inaccurate friction parameters.

Index Terms— Automotive components, control nonlineari-
ties, friction, nonlinear control systems, power steering (PS),
reduced-order systems, tracking loops.

I. INTRODUCTION

POWER STEERING (PS) is used to provide assistance
by augmenting the torque applied on the steering wheel

with an external actuator, such that less effort is required
from the driver while maneuvering a vehicle. At first,
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hydraulic PS (HPS) has been the most prevalent system.
Due to the hydraulic damping effect, HPS enables a smooth
and pleasant steering feel while providing high assistance
power. But because of its significant energy consumption [1],
it is being increasingly replaced by electric PS (EPS), which
is much more energy efficient since power is delivered on
demand only [2], [3]. In addition, EPS offers more flexibility
for the control due to the higher actuator bandwidth (electric
motor) and computational power of modern electric control
units. The control of EPS has been studied widely in the
literature, in order to ensure the stability of the system at high
assist gain [4], [5] and to optimize the steering feel despite
the presence of disturbances [6], [7].

Still, the main limitation of EPS is the increase of friction
due to the presence of mechanical elements, which negatively
affects the driving feel [8]–[10]. In addition, because friction
limits the use of linear EPS models, it hinders the development
and tuning of the control strategy [5], [7], [11].

To reduce friction, hardware countermeasures are often
employed, such as lubrication or mechanical design opti-
mization, but these are often costly and limited. However,
because of the fast actuator response, friction can also
be actively controlled. Using control to reproduce, despite
the presence of friction, an acceptable level of steering
feel with reduced tuning workload is thus a real challenge
for steering manufacturers. Some solutions already exist
to alleviate the friction effects that are usually composed
of separate blocks compensating individually each different
friction effect (on-center sticking, steering returnability,
damping, etc.) [3], [12]. Typically, this superposition of com-
pensation controls leads to a redundancy of functions and
a cumbersome tuning phase. Another solution [13] proposes
an online estimation and a compensation of the static fric-
tion but without taking the dynamic friction into account.
Dithering [14] is another method, which uses a high-frequency
component added to the control signal in order to prevent the
system from sticking. The disadvantage of dithering is that
it is intrusive (addition of a signal component) and difficult
to tune.

In this paper, a model-based solution is proposed to com-
pensate all friction effects with the consequences of modifying
the characteristics of the EPS to that of a linear frictionless
system. This active compensation is implemented at the lowest
layer of the EPS control. The question of whether obtaining
a frictionless steering system is an ultimate goal is left open.
In essence, some effects of friction also contribute to reaching
an acceptable level of driving feel. The proposed control
strategy can be applied to reduce or fully cancel the effects
of friction. In the latter case, a higher level of control would
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Fig. 1. C-EPS.

be required for the system characteristic to reach a satisfying
level of driving feel.

The proposed control strategy is applied to a column-assist
type EPS (C-EPS) using the electric motor. For demonstrating
the proposed concept, only the power column subsystem is
considered (highlighted in Fig. 1), which contains the main
assistance components. The strategy is based on a model of the
column including a slip- and load-dependent friction torque,
built upon reducing a higher order model developed in [9].
The LuGre model is applied for computing the friction forces
because of its ability to capture both the static and dynamic
effects of friction with a continuous formulation.

This friction compensation control strategy extends the one
presented in [10]. Compared with [13], the strategy presented
here brings several substantial improvements, including the
simplification of the column reduced model from a hybrid
formulation (depending on the gear-mesh contact condition)
to a single closed-form formulation and the addition of an
observer to compute the internal friction forces using the
measured outputs. Still, the most important contribution of
this paper is the mathematical demonstration of the controller
robustness, which leads to a mathematical formula for tuning
the controller gains depending on the desired tracking error.

The remaining of this paper is organized as follows.
Section II gives a technical explanation of the effects of
friction in the EPS dynamic. Section III introduces the simu-
lation model of the power column including friction, which is
reduced to a lower order model in Section IV. Both models
are validated against the experimental data in Section V.
Then, the control strategy is presented along with a stability
and robustness analysis in Section VI. The performance and
robustness of the control strategy are validated experimentally
in Section VII. Finally, the conclusion is given in Section VIII.

II. FRICTION IN EPS

Friction is a nonlinear phenomenon that has been challeng-
ing engineers in a wide range of domains. It is characterized by
different behaviors in static and dynamic conditions, whether
the surfaces in contact are immobile or sliding against each
other. The transition between these two conditions is difficult
to capture, partly random and not perfectly understood. Due to
the difficulty to model the physical causes of friction (surfaces
asperities), engineers often rely on empirical models [15].

Fig. 2. Friction effects on the EPS static characteristic (simulation).

Fig. 3. Friction effects on the EPS dynamic characteristic (simulation).

In EPS, friction is generated at the interface of different
mechanical components such as the worm gear, the bearings,
the rack and pinion gear, and the joints. When the power
column of a C-EPS is considered, friction is predominant
at the worm gear due to the preload applied for avoiding
backlash. An additional difficulty is that both static and
dynamic conditions are solicited due to the regular transitions
between rest periods (straight driving) and turning periods.

Typically, the response of a steering system is analyzed
using the torque/angle static characteristic (Fig. 2) and the
response to a step torque input (Fig. 3). Friction affects
the system response in different ways, summarized in the
following sections (see [9] for more details).

A. Steering Torque Hysteresis

As shown in Fig. 2, friction contributes to the hysteresis of
the system. Although the hysteresis of the torque/angle charac-
teristic is known to be an essential component of steering feel
[16], [17], the presence of friction limits the system tunability.
Eventually, canceling the entire friction, as proposed by this
paper, would endow engineers a greater freedom when tuning
the hysteresis characteristic.

B. Zero Sensitivity and Stick Slip

At zero velocity, the driver has to overcome the max-
imum static friction torque in order to start moving the



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

WILHELM et al.: FRICTION COMPENSATION CONTROL FOR PS 3

steering wheel (vertical line in the middle of Fig. 2). This
zero-sensitivity phenomenon refrains from precise con-
trol of the vehicle direction, especially during on-center
handling [18].

Stick-slip motion, which arises when static friction is higher
than dynamic friction (Stribeck effect), also affects the han-
dling negatively. It is illustrated by the stair-shaped portion
of the hysteresis loop in Fig. 2 and, in practice, creates an
unpleasant jerk steering feel.

C. Steering Returnability

In a steering system, the driver torque is reacted by the tire–
road contact force. A self-aligning torque is generated by the
suspension geometry (caster angle) and the force distribution
on the tire [19]. Seeing from the steering system, this effect
is named returnability as the ability of the steering wheel
to return to its neutral position when no driver torque is
applied. However, in an actual steering system, friction refrains
the steering wheel from returning precisely to the neutral
position, as illustrated in Fig. 3. Steering returnability is also
an important aspect of steering feel [20] and a good indicator
for quantifying the effects of friction.

III. SIMULATION MODEL OF THE POWER COLUMN

The control strategy developed in this paper is applied to
the power column subsystem of a C-EPS, where the main
components are as follows.

1) The torsion bar to measures the torque Ttb between the
steering wheel and the worm wheel.

2) The electric motor to generates the assistance torque.
3) The worm gear transmission (worm wheel and worm

gear) to amplify and transmit the motor torque.
4) The electronic control unit to process the sensor signals

and control the current of the electric motor.

An extensive literature exists on EPS modeling. However,
most of these models are based on the loose assumption that
friction can be neglected in order to apply classical linear
control theories [21]. The models that contain the friction
forces, such as [22], use conditionally based formulation
that makes the implementation and the application of con-
trol theories difficult. The model proposed here, which has
been developed and validated in [9], contains a continuous
representation of friction (LuGre model), while also capturing
the load dependency due to the gear-meshing contact points.
To the best of the authors’ knowledge, [23] is the only other
publication where the LuGre model is applied to a steering
system (steer-by-wire).

A. Power Column System

The power column, including the steering wheel, is a system
with three inputs: 1) the motor torque command Tmc (control
input); 2) the driver torque on the steering wheel Tsw; and
3) the road load transmitted through the lower shaft Tls.
Two measurements are available: 1) the angle of the motor
shaft θms and 2) the torsion bar torque Ttb.

The complete model of the power column, or simula-
tion model, is illustrated in Fig. 4. It is composed of

Fig. 4. Simulation model of the power column with steering wheel attached
(four inertias).

four inertias: the steering wheel, the worm wheel, the worm
gear, and the motor shaft. The driver input torque and the
reaction torque (road load) are directly applied at the steering
wheel and the worm wheel, respectively, while the motor
command is used to control the motor current and generate the
assistance torque. The friction forces at the gear-mesh contact,
dominant, are represented with the LuGre model. The other
minor friction forces (bearing, etc.) are lumped into this gear-
mesh friction and thus are not specifically represented.

The equations of the simulation model are detailed as
follows.

B. Mechanical Model

The dynamic equations of the four inertias are obtained from
Euler’s second law of motion as follows:

1) steering wheel

Jswθ̈sw = Tsw − Ttb (1)

2) worm wheel

Jwwθ̈ww = Ttb + Tc,ww + Tls (2)

3) worm gear

Jwgθ̈wg = Tmg + Tc,wg (3)

4) assist motor rotor

Jmsθ̈ms = Tms − Tmg (4)

where Jxx and θxx denote, respectively, the inertia and angle
of each component, referred by a specific suffix: sw for the
steering wheel, ww for the worm wheel, wg for the worm
gear, and ms for the motor shaft. The torques acting on the
inertia are the external torques Tsw and Tls plus the internal
torques:

1) torsion bar torque

Ttb = ktb(θsw − θww) + ctb(θ̇sw − θ̇ww) (5)

2) coupling between the motor shaft and the worm gear

Tmg = kms(θms − θwg) + cms(θ̇ms − θ̇wg) (6)

3) effective torque Tms generated by the current controller
from the motor command Tmc (Section III-C);

4) interaction between the worm wheel and the worm gear
Tc,ww and Tc,wg (Section III-D).
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Fig. 5. Model of the motor current loop.

Fig. 6. Worm gear contact at a worm gear tooth meshed between two worm
wheel teeth.

C. Current Dynamics of the Motor

The dynamics of the brushless motor (Fig. 5) is represented
through an equivalent RL system, including the back electro-
motive force developed by the rotation of the rotor θ̇ms

Ecmd = Rmim + Lm
dim

dt
+ kbemf θ̇ms (7)

where im is the current, Ecmd is the voltage input, Rm is the
motor resistance, Lm is the coil inductance, and kbemf is the
back electromotive force constant.

The torque command Tmc is first converted into a current
command ic = Tmc/Km , where Km is the motor constant.
Then, the motor current is controlled through the voltage
command using a Proporional Integral controller

Ecmd = K m
p (ic − im) + K m

i

∫ t

0
(ic − im). (8)

The generated torque is equal to Tms = Kmim .

D. Gear Mesh Contact Dynamics

The torques Tc,ww and Tc,wg in (2) and (3) generated by the
gear meshing are computed using a planar representation at a
single tooth [24] illustrated in Fig. 6. In this representation,
the plane (x, y) is tangential to the pitch circles and the
z-axis is along the common radial direction. The geometry of
the contact depends on two angles: the pressure angle β and
the lead angle γ. The rotation of the worm wheel corresponds
to a translation in the y-direction and the rotation of the worm
gear to a translation in the x-direction.

Due to the preload condition, it is assumed that when the
system is at rest, the engaged worm gear tooth is in contact
with both the upper and lower worm wheel teeth. The system
is said to be in the two-contact- condition.

The interaction forces between the worm wheel and the
worm gear are composed of the normal forces �Ni,xx and the

friction forces �Ffi,xx (xx = ww, wg) generated at the two
contact points (2 cps) i = 1, 2 (Fig. 6). The two opposed
resultant forces can be expressed as

�Fc,ww = �N1,wg + �F f 1,wg + �N2,wg + �F f 2,wg

�Fc,wg = �N1,ww + �F f 1,ww + �N2,ww + �F f 2,ww. (9)

The normal forces at the contact points are created by the
material deformation represented with springs of constant kc.
The compression of the upper and lower springs can be written
h1 = (h0 + dh)+ and h2 = (h0 − dh)+, respectively, where
h0 is the compression at rest created by the preload and dh is
the relative tooth position

‖ �N1,wg‖ = ‖ �N1,ww‖ = kc(h0 + dh)+

‖ �N2,wg‖ = ‖ �N2,ww‖ = kc(h0 − dh)+. (10)

The positive part (. . .)+ = max(. . . , 0) accounts for the loss
of the contact point, which happens as soon as the compression
of the spring becomes null. When one of the 2 cps is lost, the
system is said to be in the one contact point (1 cp) condition.

The compression at rest h0 depends on the preload force F0,
the contact stiffness kc, and the pressure angle β

h0 = F0

2kc sin(β)
. (11)

The relative displacement dh is a function of the relative
angular positions of the worm wheel and the worm gear

dh = rwgθwg sin(γ ) − rwwθww cos(γ ) (12)

where rww and rwg are, respectively, the worm wheel and
worm gear pitch radii.

Then, the friction force Ffi,xx is the product of the normal
force ‖ �Ni,xx‖ and the friction coefficient μ (because the sliding
velocity is the same at each contact point, a single friction
coefficient is used)

Ffi,xx = μ‖ �Ni,xx‖. (13)

Finally, (9) is rewritten using (10) and (13) and projected
on the axes of motion

F y
c,ww = FC cos(γ ) cos(β) − μFN sin(γ )

F x
c,wg = −FC sin(γ ) cos(β) − μFN cos(γ ) (14)

where FC(dh) is an equivalent contact force and FN (dh) is
an equivalent normal force

FC (dh) = kc((h0 + dh)+ − (h0 − dh)+) (15a)

FN (dh) = kc((h0 + dh)+ + (h0 − dh)+). (15b)

Both functions are represented in Fig. 7, where the contact
condition effect is clearly visible. In particular, the normal
force is constant in the two-contact-point condition (when
one contact force decreases, the other increases by the same
amount).

Finally, the forces are converted into torques by multiplica-
tion with the pitch radii

Tc,ww = rww F y
c,ww

Tc,wg = rwg F x
c,wg. (16)
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Fig. 7. Equivalent contact and normal force. The system is in the 2 cp
condition when |dh| ≤ h0 and in the 1 cp condition when |dh| > h0.
(a) Equivalent contact force FC . (b) Equivalent normal force FN .

Fig. 8. Contact bristles. The friction force is created by the bristle deflection.

E. Friction Model

A model is used for computing the friction coefficient μ at
the gear mesh. Various representations can be found in [15],
including classical conditional and dynamic formulations. The
main challenge in representing the friction is related to the
difference between static (stiction) and dynamic conditions
(speed-dependent friction). Because EPS often transit between
static and dynamic regimes (on-center control versus corner-
ing), a friction model able to represent and alternate between
each condition is required.

The LuGre model, resulting from a collaboration between
the Lund Institute of Technology and the University of
Grenoble [25], answers this requirement. It is based on a
representation of the contact points as elastic bristles (Fig. 8)
and requires the introduction of a new state variable. A major
interest of the LuGre model is to depend solely on the
sliding velocity while being able to represent the main friction
phenomena (stiction, coulomb friction, etc.) with a continuous
formulation. Because it avoids a hybrid conditional formu-
lation, it is easy to implement for simulation and control
applications, while enabling standard stability theories [26].

In most applications of the LuGre model, the normal load
at the contact is constant and the friction force F f is directly
computed in the equations. Here, however, the load changes
with the contact condition [Fig. 7(b)]. Therefore, as suggested
in [26] and applied in [27], the LuGre model is used to
compute a friction coefficient μ, multiplied by the load-
dependent normal force FN in (14).

With this representation, the friction forces are created by
the average deflection of the bristles, represented by a state

variable z. The formulation of the LuGre model is

ż = vs − σ0
|vs |

g(vs)
z (17a)

μ = σ0z + σ1 ż + f (vs) (17b)

where the sliding velocity vs between the two surfaces (worm
gear and worm wheel) as input, the friction coefficient μ as
output, σ0 is the bristle stiffness, σ1 is the bristle damping,
and f (vs) is the viscous friction coefficient. The denominator
g(vs) represents the steady-state absolute value of the dry
friction. The dependence on the velocity vs allows accom-
modating a higher coefficient of static friction than that of the
dynamic friction (Stribeck effect). A typical form [15] is

g(vs) = μc + (μba − μc)e
−

(
vs

vstb

)2

(18)

where μba is the static or break-away friction coefficient and
μc is the dynamic coulomb friction coefficient with a transition
around the Stribeck velocity vstb.

Using (17) and (18), it can be ensured that the state z
remains bounded with

σ0z ∈ [−μba, μba].
Indeed, it can be observed from (17a) that σ0z = μba implies
ż < 0 and σ0z = −μba implies ż > 0.1

However, the derivative ż and therefore the second term
of (17b) can grow unbounded with the sliding velocity vs .
In general, the LuGre model is known to have implementation
issues at high sliding velocity and several modifications have
already been proposed to address them (see [28]). Here, the
following modification of (17b) is proposed:

μ = satg(vs) (σ0z + σ1 ż) + f (vs) (19)

using the saturation function defined by

satδ(x) =

⎧⎪⎨
⎪⎩

−δ, for x < −δ

x, for |x | ≤ δ

δ, for x > δ.

(20)

With this modification, the dry friction represented by the
first two terms σ0z + σ1 ż is ensured to remain bounded
(in absolute value) by its steady-state value g(vs).

Finally, the LuGre model is used to compute the friction
coefficient at the gear-mesh contact. The sliding velocity vs is
given by

vs = rwwθ̇ww sin(γ ) + rwgθ̇wg cos(γ ). (21)

Friction parameters of the current power column have been
identified experimentally or tuned manually (Appendix A).

The gear-mesh contact model presented in Section III-D
along with the LuGre friction model enables the computation
of the torques generated at the gear-mesh contact (16).

IV. REDUCED MODEL

In order to facilitate the controller design and to enable
real-time computation, the order of the model is reduced by

1At the condition that z is initialized within that interval. If z is initialized
outside the interval (which has no physical meaning), it can be shown
with (17a) that z will converge asymptotically to the interval at the condition
that

∫ ∞
o |v(t)|/g(v(t))dt = ∞.
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neglecting overly stiff elements and removing high cutoff
frequencies. The reduced model, or control model, is made
of one inertia with slip- and load-dependent friction.

A. Neglecting the Current Dynamics

The current dynamics of the motor is significantly faster
than the working bandwidth (30 Hz) of the column. Therefore,
it is neglected and the motor generated torque Tms is supposed
to be equal to the command Tmc.

B. Lumping the Assist Motor Shaft and the Worm Gear

The compliance of the motor shaft (represented by the
stiffness kms and damping cms) is small compared with that of
the other mechanical links and generates a dynamics that is
above the working bandwidth. Therefore, the two inertia can
be lumped together in order to remove 1 DOF

θms(t) ≡ θwg(t). (22)

C. Neglecting the Contact Dynamics

Similarly, the dynamics generated by the stiffness kc of the
material deformation at the gear mesh is assumed to be higher
than the working bandwidth. Therefore, the contact dynamics
are neglected and it is assumed that the worm wheel position
is equal to the worm gear position scaled by the gear ratio i

θww(t) ≡ i θwg(t) (23)

where i depends on the two pitch radii and the lead angle

i = rww

rwg
cot(γ ). (24)

Namely, the power column is reduced to a single inertia
J = Jww + i2(Jwg + Jms), whose angle is noted θ .

Although the worm wheel and worm gear have been lumped
together, the effect of the contact condition should be com-
puted, since it affects the mesh friction forces through the
equivalent normal force (15b). Since neglecting the dynamics
of the gear-mesh contact is equivalent to assuming that these
dynamics are always in steady state, the equilibrium value
of dh, depending on the external torques, is used. This leads
to an expression of the form

dh = f (Ttb, Tmc, Tls) (25)

which is developed in Appendix B.

D. Removing the Steering Wheel

The reduced model of the power column directly uses the
torsion bar torque Ttb as input. Therefore, the steering wheel
is not included.

E. Addition of a Vehicle Model

Unlike the torsion bar input, the reverse input at the lower
shaft is not measured. However, based on the knowledge of
the suspension geometry and the tire property, it is possible to
estimate this torque with a vehicle model. As a first approach,

Fig. 9. Power column reduced model with vehicle model applied at the
bottom shaft (in grayscale).

a simple spring-damper shaft has been used to represent the
self-aligning reaction of the wheel

Tls = −kθ − cθ̇ (26)

where k is the stiffness and c is the damping of the vehicle
model. In future development steps, a more accurate model
may be used [29], [30].

F. Sliding Velocity at the Gear Mesh

Using (21), (23), and (24), the sliding velocity at the gear
mesh for the reduced model is obtained

vs = rwwθ̇

sin(γ )
. (27)

Since the sliding velocity is proportional to the velocity θ̇
of the main shaft, a change of variable enables using θ̇ instead
of vs in the LuGre model (17).

G. Equations of the Reduced Model

Under the assumptions made in the previous sections, the
equations of the reduced model are

J θ̈ = Ttb + i Tmc − kθ − cθ̇ − μN(dh)

ż = θ̇ − σ0
|θ̇ |

g(θ̇)
z (28)

where μ is the friction coefficient computed with (19) and

N(dh) = rww

sin(γ )
FN (dh) (29)

is an equivalent normal torque that depends on the gear load
condition dh. The use of the piecewise linear function N(dh)
and the calculation of the contact condition with (25) avoids
the hybrid formulation developed in [10] for the same system.
In particular, the dependency of dh with the input torques
enables avoiding the introduction of an efficiency coefficient.

The reduced model, represented in Fig. 9, is therefore
described by three state variables θ , θ̇ (column angular posi-
tion and velocity), and z (friction state).

V. MODEL VALIDATION

In this section, the open-loop performance of the plant
power column is analyzed and compared with the computed
responses of both the simulation and the reduced models as
well as experimental measurement obtained from a dedicated
test bench. Report on the validation of the complete simulation
model presented in Section III was given in [9].
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Fig. 10. Plant response with and without friction compensation compared with the reference model response. (a) Static validation for driver input (0.01-Hz
sine wave). (b) Static validation for motor input (0.01-Hz sine wave). (c) Dynamic validation for driver input (steer and release). (d) Dynamic validation for
motor input (steer and release).

A. Description of the Test Bench

The test bench (Fig. 11) is composed of a mass-produced
C-EPS power column, a servomotor to generate the driver
input using a torque command signal Tsv and a linear spring
to simulate the road load. When using the driver torque input,
a spring of small stiffness coefficient is chosen to highlight the
transition between static and dynamic frictions. When using
the motor input (which can generate higher torque at the
column due to the reduction gear), a spring of higher stiffness
and torque range is used to highlight the loss of 1 cp at the
mesh.

B. Static Validation

The quasi-static responses of the power column are plotted
in Fig. 10(a) (driver input) and (b) (motor command input).
Due to friction, both responses depict a hysteresis, in which
height corresponds to the zero-sensitivity zone.

In Fig. 10(a), due to the low load stiffness used, the tran-
sition between static and dynamic frictions is clearly visible
(stick-slip motion) and well reproduced by both the simulation
and the reduced models. However, due to the random nature of
friction, the exact positions of these transitions hardly correlate
between the simulation and the plant.

In Fig. 10(b), the transition between the 2 cp conditions
and the 1 cp condition is visible through the increase of the
hysteresis height at high motor torque. In the 2 cp conditions,
the equivalent normal force applied at the gear meshing
[Fig. 7(b)] is constant, therefore the hysteresis height remains
constant (parallel lines). When the torque increases, 1 cp is
lost and the normal force rises with the gear load, resulting in
higher friction and greater hysteresis.

In both Fig. 10(a) and (b), it can be seen that the simulation
and the reduced models have almost identical responses. In
particular, the loss of contact point is accurately reproduced
by the models in Fig. 10(b), which validates the load torque
dependency.

C. Dynamic Validation

The dynamic responses are shown in Fig. 10(c)
(driver input) and (d) (motor command input), generated by
applying a pulse signal at the servo motor torque command Tsv
and assist motor torque command Tmc, respectively.

In Fig. 10(c), the damping effect of friction and the poor
steering returnability are well reproduced by both the complete
and the reduced models. After the step input, the system takes
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Fig. 11. Power column test bench.

around 1 s to stabilize and remains blocked in its final state
even when the input torque is released.

In Fig. 10(d), due to the high load, the effect of static
friction on the steering returnability is relatively less visible.
The system depicts a second-order like response with a higher
damping for torque step up due to the transition to the
1 cp condition. The load-dependent friction model enables
both the complete and the reduced models to capture this
behavior.

Again, in both cases, the simulation and the reduced models
have almost identical responses.

These experiments validate both the simulation and the
reduced models to the lower order model.

VI. CONTROL STRATEGY

The proposed control strategy explores the possibility of
canceling the effects of friction by adding an equivalent but
opposite torque to the assist motor command, which value is
estimated using the reduced model presented above.

A. Control Objectives

Given the different torque inputs (driver torque, assist
torque, and road reaction torque), the objective of the proposed
strategy is to remove the effects of the friction forces in
the column, which are dominant at the worm gear meshing.
In other words, the closed-loop response of the power column
should have an input/output characteristics similar to that of
the same column, but also be frictionless.

B. Control Design

The proposed control strategy is presented in Fig. 12. It is
composed of two cascaded loops.

1) Internal Loop: The internal loop (dashed frame) contains
a state observer of the power column. It is derived from the
reduced model (Section IV) where a linear correction term
is added, using the measure of the assist motor angle sensor
(position θam and velocity θ̇am)

J ¨̃θ = Ttb + i Tmc − kθ̃ − c ˙̃θ − μ̃N(d̃h)

+ l p(i
−1θam − θ̃ ) + lv (i

−1θ̇am − ˙̃θ)

˙̃z = ˙̃θ − σ0
| ˙̃θ |

g( ˙̃θ)
z̃ (30)

Fig. 12. Friction compensation control strategy.

with

μ̃ = sat
g( ˙̃θ)

(σ0 z̃ + σ1 ˙̃z) + f ( ˙̃θ). (31)

Using this estimation, a torque equal but opposed to the
friction torque μ̃N(d̃h) is added to the assist motor command.

2) External Loop: The external loop contains a model
following the control to ensure that the plant tracks an angular
reference trajectory θ̂ (t) generated by a reference model of
the power column. The reference model is identical to the
reduced model in Section IV but without the friction forces
and computes the desired angular trajectory θ̂ (t)

J ¨̂
θ = Ttb + i Ta − kθ̂ − c ˙̂

θ. (32)

Using the difference between the reference column

states θ̂ and ˙̂
θ and the observed column states θ̃ and ˙̃θ , a linear

correction torque is added to the motor torque command.
Finally, the control command given to the electric motor

is composed of the desired assistance torque Ta plus the
correction torques from the internal and external loops

Tmc = Ta + i−1(μ̃N(d̃h) + k p(θ̂ − θ̃ ) + kv (
˙̂
θ − ˙̃θ)) (33)

where kp and kv are the gains of the correction torque. The
division by the gear ratio i is necessary to anticipate the motor
torque amplification by the gear ratio.

This configuration corresponds to the angular control of the
power column, also called admittance control [31]. Torque
control [32], also called impedance control, is another possible
approach for steering systems, appropriate for steer-by-wire in
particular [33].

C. Stability and Robustness Analysis

It is known that the interaction between actual friction
and friction compensation produces limit cycles caused by
velocity estimation errors [34] or by friction parameter’s
inaccuracy [35]. Similar to [34], it is shown here that the
tracking error reaches a limit set whose size increases with
the friction misestimation but decreases with the gains of the
controller. Therefore, if a bound on the friction misestimation
is known, the gains can be chosen to obtain an appropriate
level of robustness. The robustness against inaccuracy of other
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parameters (inertia, stiffness, damping, etc.) is not considered
here.

Because the effects of friction are particularly critical in
on-center driving condition, where the steering velocity and
the worm gear load remain small, the demonstration is made
under two assumptions.

1) The system remains in the 2 cp conditions, therefore the
gear load N(dh) remains constant and is noted N .

2) The angular velocity remains small enough such that the
nonlinear viscous friction f (θ̇ ) (Appendix A) is linearly
approximated and noted σ2θ̇ .

Consider the closed-loop system (plant and controller) in
which the plant is represented with the reduced model (28)

J θ̈ = T − kθ − cθ̇ + k p(θ̂ − θ̃ ) + kv (
˙̂θ − ˙̃θ)

+ μ̃N − μN

J ¨̃θ = T − kθ̃ − c ˙̃θ + k p(θ̂ − θ̃ ) + kv (
˙̂θ − ˙̃θ)

+ l p(θ − θ̃ ) + lv (θ̇ − ˙̃θ)

J ¨̂θ = T − kθ̂ − c ˙̂θ (34)

where T = Ttb + i Ta represents the total input torque.
Considering the error variables ϕ = θ − θ̃ and ϕ̃ = θ̃ − θ̂ ,

system (34) rewrites

J ϕ̈ = −(k + l p)ϕ − (c + σ2 N + lv )ϕ̇ + u

J ¨̃ϕ = −(k + k p)ϕ̃ − (c + kv ) ˙̃ϕ + l pϕ + lv ϕ̇ (35)

where

u = (
sat

g̃( ˙̃θ)
(σ0 z̃ + σ1 ˙̃z) − satg(θ̇)(σ0z + σ1 ż)

)
N (36)

is the compensation error of the dry friction (the viscous
friction σ2 N is lumped into the system damping). In particular,
u is bounded with

‖u‖L∞ = sup
t≥0

|u(t)| ≤ (μba + μ̃ba)N (37)

where μba and μ̃ba are, respectively, the actual and estimated
static friction coefficients (which can be different due to
identification errors or variation of μba caused by wear or
environmental conditions).

System (35) is then regarded as a linear system with input u
and output θ − θ̂ = ϕ + ϕ̃ (tracking error between the
plant and the reference models). From the theory of linear
systems, it is known that (35) can be written as a convolution
product

ϕ + ϕ̃ = h ∗ u + o(1) =
∫ t

0
h(t − τ )u(τ )dτ + o(1) (38)

where h is the impulse response and o(1) the solution with
u = 0 and given initial conditions (homogeneous equation).
Because (35) is Hurwitz, this terms decreases exponentially to
zero.

Then, knowing the bound on the input u, a bound on
the output ϕ + ϕ̃ can be obtained. Indeed, it can be shown
[36, p. 199] that

|h ∗ u| ≤ ‖h‖L1‖u‖L∞ (39)

where

‖h‖L1 =
∫ ∞

0
|h|

is the L1 norm of h, which is properly defined since (35)
is Hurwitz.

The value of ‖h‖L1 is fastidious to compute. However, the
case where the two second-order systems in (35) are critically
damped is treated in Appendix C. In this case, the gains
l p, lv , k p, and kv are chosen by pole placement

C1 = c + σ2 N + lv
2J

=
√

k + l p

J

C2 = c + kv

2J
=

√
k + k p

J
(40)

such that −C1 and −C2 are the two (repeated) poles of (35),
located on the negative real axis. Increasing C1 improves the
observer correction while increasing C2 improves the reference
model tracking.

In this condition, it results (Appendix C) that

‖h‖L1 ≤
(

1

JC2
1

+ 1 + 4e−1

JC2
2

)
.

Finally, the tracking error of the reference model verifies

|θ(t) − θ̂ (t)| ≤
(

1

k + l p
+ 1 + 4e−1

k + k p

)
‖u‖L∞ + o(1). (41)

From this result, it can be seen that the tracking error
eventually increases with the friction misestimation ‖u‖L∞
and decreases with the correction gains kp, kv , l p , and lv .
Therefore, the higher the gains, the higher the robustness
against inaccurate friction parameters. In practice, the size of
the gains will be limited by practical issues, such as sensor
noise, actuator bandwidth, and sampling time. Taking into
account these limits to obtain the appropriate gain tuning is
an interesting extension left open for future work.

VII. RESULTS

The presented control strategy has been implemented and
tested on the test bench equipped with the C-EPS power col-
umn. The same experiments (static and dynamic) as those of
Section V have been made. Then, the robustness is addressed
by introducing friction parameter’s errors and varying the
values of the gains. Finally, the roles and contributions of the
two control loops are discussed and illustrated.

A. Gain Tuning

The gains l p, lv , k p , and kv are chosen by placing the
poles C1 and C2 according to (40) depending on the desired
tracking performance (41) and the hardware limitations.

Since C1 corresponds to the observer correction, it is mainly
limited by the sampling time and the noise of the motor angle
sensor (resolver). Because the motor resolver of the considered
C-EPS has almost no noise, the value C1 = 110 Hz is selected.

The pole C2 determines how well the plant tracks the
reference model and is mainly limited by the motor response.
The value C2 = 30 Hz is used since it is within the motor
bandwidth and should ensure a tracking error (41) below 2◦.
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Fig. 13. Plant response with and without friction compensation compared with the reference model response. (a) Static response for driver input (0.01-Hz
sine wave). (b) Static response for motor input (0.01-Hz sine wave). (c) Dynamic response for driver input (steer and release). (d) Dynamic response for
motor input (steer and release).

B. Static Response

Again, the quasi-static angle–torque characteristic of the
power column has been generated using a sinusoidal torque
input of low frequency (0.01 Hz) applied on the driver torque
input [Fig. 13(a)] and the assist motor input [Fig. 13(b)]. Low
and high load stiffnesses are, respectively, applied.

It can be seen that with the proposed control, the plant
response accurately tracks the reference response and depicts
a linear and frictionless characteristic. In particular, the hys-
teresis is significantly reduced and the sensitivity is increased.
Fig. 13(b) shows that the control performance is not affected
by the variation of the load when 1 cp is lost.

C. Dynamic Response

The dynamic responses of the power column, generated
from rectangular input signals corresponding to steer and
release periods, are shown in Fig. 13(c) for the driver input
and Fig. 13(d) for the motor input.

The power column with the control strategy accurately
follows the linear underdamped second-order response of
the reference model. In particular, the damping is reduced,
the sensitivity is increased (a higher value is reached during the
steering phase) and the steering returns to the neutral position
when the input torque is released. Due to the high gains, the
limit cycles in steady-state condition [34] are not visible.

D. Robustness

Since the control strategy is model based, it requires an
accurate knowledge of the parameters, in particular those
related to friction. While other design parameters (inertia,
gear ratio, etc.) are accurately defined, friction parameters are
difficult to estimate because friction is irregular and changes
over time due to wear and environmental conditions. It is
important to ensure that the control strategy remains robust
toward these variations. In addition, friction differs between
different products due to manufacturing dispersion, thus a
sufficient level of robustness is necessary for avoiding the
calibration of each column individually.

The bound on the tracking error (41) enables estimating
qualitatively the effects of inaccurate friction parameters.
In this case, the perturbation term (36) increases along with
the limit tracking error. However, (41) can be reduced by
increasing the values of the control gains k p, kv , l p , and lv .

A sensitivity analysis demonstrated that the static parame-
ters μba and μc of the LuGre model are dominant. Therefore,
the system robustness has been validated by varying these
parameters in the reduced model relatively to the plant identi-
fied parameters by factors of 0 (no friction model), 1 (matching
friction model), and 2 (twice the real friction). The first and
third cases correspond, respectively, to the worst cases of
friction undercompensation and the friction overcompensation,
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Fig. 14. Angular tracking for low tracking gains. (a) No friction (μ × 0).
(b) Plant friction (μ × 1). (c) Plant friction overestimated (μ × 2).

as already analyzed in [35]. The responses to a sinusoidal
torque input (amplitude 1.5 Nm and frequency 0.1 Hz) are
shown for two sets of control gains.

1) Low Tracking Gains: The reference tracking gains are
reduced by setting C2 to 3 Hz (C1 is kept at 110 Hz).

The column angular response is shown in Fig. 14 for the
different values of the observer parameters. The plant and
the reference responses are compared in the left plots, while
the phase trajectories of the tracking error (position versus
velocity) are represented in the right plots.

As expected, when the observer parameters are equal to the
identified friction parameters (factor 1), the tracking error is
minimum. When the friction is underestimated (factor 0) or
overestimated (factor 2), the tracking error increases and a
limit cycle is created in the phase plane (clockwise or coun-
terclockwise, respectively). The two diametrically opposed
accumulation points correspond to the sliding (or coulomb)
regime for positive and negative velocities, where the under-
compensation or overcompensation of friction results in a
constant angular tracking error.

2) High Tracking Gains: C2 is set back to 30 Hz.
The equivalent plots are shown in Fig. 15. It can be seen that

the error is drastically reduced compared with that of Fig. 14.
Again, the error is smaller when the observer parameters are
equal to the identified plant parameters. In the three cases, the
tracking error remains smaller than 0.5◦ in angular position
and 3 r/min in angular velocity.

Fig. 15. Angular tracking for high tracking gains. (a) No friction (μ × 0).
(b) Plant friction (μ × 1). (c) Plant friction overestimated (μ × 2).

E. Controller’s Contributions

The output (33) of the designed controller is composed of
the term from the friction model in the internal loop plus the
reference tracking term from the external loop. In Fig. 16, the
contributions of each term for the case of high tracking gains
(Fig. 15) are shown.

When the friction model is deactivated [Fig. 16(a)], the
correction is entirely done by the reference model tracking
controller. In particular, the tracking torque compensates the
system friction and changes sign depending on the friction
direction (sign of the velocity). When the friction model is
active with the identified parameters [Fig. 16(b)], it con-
tributes to most of the compensation of the plant friction
and the reference tracking torque only corrects the errors due
to friction irregularities. Finally, when the friction is twice
overestimated [Fig. 16(c)], the reference tracking controller
counteracts the overcompensation of friction with an opposite
torque.

The experimental results shown in Figs. 14–16 confirm the
conclusion of the robustness analysis in Section VI-C. The
use of a reference model compensates for friction modeling
error and ensures the controller robustness. In particular, even
when the friction model loop is deactivated, a good tracking
performance can still be ensured provided that the reference
correction gains are high enough. However, having an accu-
rate friction model in the internal loop reduces the tracking
error.
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Fig. 16. Contribution of the two controllers to high tracking gains.
(a) No friction (μ × 0). (b) Plant friction (μ × 1). (c) Plant friction
overestimated (μ × 2).

VIII. CONCLUSION

In this paper, a control strategy for compensating friction
in a C-EPS power column has been presented and validated
experimentally. The control concept results from a long-term
research project including power column modeling (simulation
model), model validation against the experimental results,
reduction of the complete model into a low-order model and
finally the development and validation of the model-based
control strategy. The modeling takes advantage of a slip- and
load-dependent friction representation using the LuGre model.

The control strategy uses the assist motor of the EPS to
compensate the estimated friction torque. It is composed of
two cascaded loops. The internal loop contains a system
observer based on the reduced model. This observer estimates
the power column state, including the friction forces, using the
two sensors of the power column (torsion bar and motor angu-
lar sensor). The estimated friction torque is then oppositely
added to the motor torque command. The external loop realizes
an angular control of the power column. The ideal angular
response of the system without friction is computed from a
reference model and a linear controller is applied to minimize
the error between the plant and the reference responses. It is
formally shown that the control strategy is able to track the
plant trajectory with an error that can be controlled and made
arbitrarily small with appropriate values of the gains.

The resulting control strategy is tested on a mass-produced
power column using the actual sensors and signals. Compared
with the open-loop response, the response of the power column
mimics that of the ideal frictionless system. Due to the high
values of the gains for the reference tracking loop, a very

Fig. 17. Identification of the steady-state friction coefficient.

good tracking performance is achieved, including robustness
against inaccurate friction parameters. This is made possible
by the high quality of the sensors and actuator available in
the system as well as the simplicity of the load used (spring
damper). In practice, the load torque generated in an actual
car is more complex and its estimation is a real challenge.

Using this control strategy to obtain a linear response of
the power column, the development and tuning of higher
level assistance strategies, including the appropriate amount
of hysteresis necessary to ensure an optimal driving feel, are
expected to be facilitated.

APPENDIX A
FRICTION PARAMETER IDENTIFICATION

The main unknown parameters of the system are those of the
LuGre model (17). The parameters μba, μc, and vstb and
the viscous friction f (vs) are static parameters, which affect
the steady-state value of z for a given sliding velocity, while
σ0 and σ1 are the parameters that affect the dynamics of z.

To identify the static parameters, the torque necessary to
rotate the power column is measured at different steady-
state velocity conditions, corresponding to different sliding
velocities. This resisting torque is assumed to correspond to
the friction of the LuGre model in steady state

μss = μc + (μba − μc)e
−

(
vs

vstb

)2

+ f (vs). (42)

The parameters μba, μc, and vstb are tuned for fitting the
measures (Fig. 17). It can be seen that the identified viscosity
f (vs) is nonlinear and is fitted with a logarithmic function,
but can be approximated linearly for small velocities.

The identification of dynamic parameters (σ0 and σ1) is
much more difficult, since they are hard to measure. The
existing methods include frequency-domain identification [37]
or genetic algorithms [38]. Here, the parameters have been
manually tuned to obtain an appropriate response.

APPENDIX B
CONTACT STATE dh IN STEADYSTATE

In the gear-mesh model (Fig. 6), the contact condition is
determined by dh, which represents the relative position of
the engaged worm gear tooth within two worm wheel teeth.
In the reduced model (Section IV), the contact dynamics of the
gear mesh is neglected, which is equivalent to assuming that
it is always in steady state. Therefore, the contact condition
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dh should be computed in steady state, given the external load
of the worm drive.

To this end, the external torque on the worm wheel is
noted Tww = Ttb + Tls. On the worm gear side, the inertia
is Jwg + Jms (lumped worm gear and motor shaft inertia) and
the external torque Tms (motor shaft torque).

In steady state, the identity θww ≡ i θwg ≡ i θms is verified.
Using this identity with (2)–(4), it can be seen that

1

Jww
(Tww + rwwcγ cβ FC(dh) − rwwμsγ FN (dh))

= 1

i(Jwg + Jms)
(Tms − rwgsγ cβ FC (dh) − rwgμcγ FN (dh))

(43)

where cγ = cos(γ ), sγ = sin(γ ), and cβ = cos(β).
Solving this equation is difficult due to the piecewise

formulation of FC and FN . However, it can be simplified by
assuming that the friction terms μFN (dh) are negligible com-
pared with the contact force FC (dh). Under this assumption,
(43) becomes

FC (dh) = i JwwTms − i2(Jwg + Jms)(Tww)

rww cos(γ ) cos(β)J
. (44)

The inverse function F−1
C is then easy to compute

[Fig. 7(a)].

APPENDIX C
IMPULSE RESPONSE OF THE ERROR SYSTEM

The impulse response f of the critically damped second-
order system

ẍ + 2cẋ + c2x = u (45)

where c > 0, input u and output x are the inverse Laplace
transform of the transfer function

f (t) = L−1
[

1

(s + c)2

]
= te− c

2 t .

Consider system (35) in the critically damped case (40)

ϕ̈ + 2C1ϕ̇ + C2
1ϕ = u(t)

J

¨̃ϕ + 2C2 ˙̃ϕ + C2
2 ϕ̃ = l p

J
ϕ + lv

J
ϕ̇. (46)

The solutions of (46) with null initial conditions zero are

ϕ = h1 ∗ u, ϕ̇ = ḣ1 ∗ u, ϕ̃ = h2 ∗ (l pϕ + lv ϕ̇)

with

h1(t) = J−1te− C1
2 t

ḣ1(t) = J−1(1 − C1t)e− C1
2 t

h2(t) = J−1te− C2
2 t .

The impulse response of (46) with input u and output
θ − θ̂ = ϕ + ϕ̃ is thus given by

h = h1 + h2 ∗ (l ph1 + lv ḣ1). (47)

Recalling [36, p. 199] that ‖h1 ∗ h2‖L1 ≤ ‖h1‖L1‖h2‖L1 ,
the norm of h verifies

‖h‖L1 ≤ ‖h1‖L1 + ‖h2‖L1(l p‖h1‖L1 + lv‖ḣ1‖L1).

Using

‖h1‖L1 = J−1C−2
1

‖ḣ1‖L1 = J−12C−1
1 e−1

‖h2‖L1 = J−1C−2
2

and noting that l p ≤ JC2
1 and lv ≤ 2JC1, the bound

‖h‖L1 ≤ 1

JC2
1

+ 1 + 4e−1

JC2
2

(48)

is obtained.
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